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\ SVU^]`_ba SVUdc=e fdf g2h`Z i fkj \ SVl cmjNl f7nmi fpoqj
r K`Mts _Yu ILKGv w f

x[y,zd{|{~}m���p��z|�d�
�~�2�#���5���b�Y�
4@�.�

r ∈ [−1, 1)
<T���5������� �/�W���.�5���

Kr =
{

(x1, x2, x3) ∈ R
3 : x2

1 + x2
2 + x2

3 ≤ 1, x3 ≤ r
}

� � ��� �.����� � � ���.¡�¢�£�¤5¤!� � � �&¥ ��� � �.��¦�§¨¢ � ���.¡T©!�3§ ���5� �/�.©!�.� <�ª � � £���§ �«� £ � ¡�� ��� �.�¬4�/� � �/�3§��®���.�=¯���Q°^��¦²±®��¡´³µ�Q�.����� � 4¢@��¶3¶�� � � � ©,�3§�¦¨��°^°q�.�Y4�/� � £�§ ª�· ¡ � °q�.��¸ · �
Kr
<

¹»ºT¼ �¾½���¿ÁÀ �/�Q��� � � �®ª�·�� ¡/�3§ � �5� � �ÃÂ��5�/� � �.� � � �
B1r = [−1, r],

b2(x1) =
√

1 − x2
1, x1 ∈ B1

B2 =
{

(x1, x2) ∈ R
2 : x1 ∈ B1r, |x2| ≤ b2(x1)

}

b3(x1, x2) =
√

1 − x2
1 − x2

2, (x1, x2) ∈ B2,

� £��5�Ä�
��¡�¦
Br =

{

(x1, x2, x3) ∈ R
3 : (x1, x2) ∈ B2, |x3| ≤ b3(x1, x2)

}

.Å ¡/§ · �/§¨¦
Br

�.���ÄÆ ·�� °k£�¡�©!� � �.� ���(<�� £�°^��¦ �
��¡�¦
Vol(Br) =

r
∫

−1

π(1 − x2
1) dx1 = π

[

x1 −
1

3
x3

1

]r

−1

= π

(

r(1 − 1

3
r2) +

2

3

)

.
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�~�2�#���5���b�Äè
é��.���.©!�.�¬§��.�/�.� � �/�Qê � �5¢¦¨� · ���.�

f : R
2 → R, f(x, y) = exp(x + 2y),

g : R
2 → R, g(x, y) = x2 + y2 − 4� � �Ä� �/�p���.�5���.�

M =
{

(x, y) ∈ R
2 : g(x, y) = 0

}

,

N =
{

(x, y) ∈ R
2 : g(x, y) ≤ 0

}

.ë �3§¨¦¨��°^°q�.�C4�/� � �/�p�
¡ · ©T£�¡/�.� ¥çì ¦ � �.°k£~¸ · �
f |M

� � �
f |N

< ë �.� �¨í � � �.�b§¨�/� � £�©,�.�¾¶ � � � §¨¦�î� �3§ � £�¡�©¬�
¡ · ©T£�¡/�W�����5��°k£�©5¶ � < �Á£ ì ��°k£|³ í5� ©!�.� � �Qï ��· ©5¡/�.°q�d� ì �/§¨¦¨�/� � �.� <¹»ºT¼ �¾½���¿ � £
f
§¨¦��.¦¨���P�/§¨¦ � � �

M
� � �

N
¢ · °^¤T£�¢@¦Y§¨��� � î®� ì �/§¨¦¨�/� � �.�ð�
¡ · ©T£�¡/�C�����5�´¯°k£�ñ��
¡ · ©T£�¡/���Y£ ì ��°k£��T£ �«� 4=£�¦¨¶ � � �&ª�·�� ¡/�3§ � �5� < À � � ©!�3§¨¦¨��°^°q�.� � �/�3§��®¶ � �Tò ��� §¨¦»³ í5�

f |M
<À �.���.�

grad g(x, y) = (2x 2y)T = 0� � � < x = y = 0
� � �

(0, 0) 6∈ M
î � £ � ³ � � � 4=£�¦¨¶ í ©!� �Qó £�� � £��5���Ã¯#� � ¡�¦¨��¤5¡���¢�£�¦ ·�� �.�ô£��5���Ã¯� �.� � �.¦ � � ��� �.� < Å ¡/§®�W£�� � � � £�¦��.��� �¨� £�¡�¦��.� � � � � �/� ó(õ § � �5���.�¬¸ · �

Lx = exp(x + 2y) + 2xλ
!
= 0 ö :�÷

Ly = 2 exp(x + 2y) + 2yλ
!
= 0 ö 6 ÷

Lλ = x2 + y2 − 4
!
= 0 ö ;�÷êT£�¡�¡ :
ø

λ = 0
< ±²�/� � � ì �/§¨¦¨�/� � ¦ ¢��.����� ó(õ § � �5��î � £

exp(x + 2y) > 0
<êT£�¡�¡ç6 ø

λ 6= 0
<�¥ §ù�
��¡�¦

2Lx − Ly = 2λ(2x − y) = 0,�%< �(<
x = y

2

<@¥ ����§��.¦¨¶��.�*��� � �/� ;=< é�¡/�.� ���ú� �5�^¡��/�Ã³µ� � ¦ � �/� ó(õ § � �5���.�
(x1, y1) = ( 2

√

5
, 4
√

5
)
� � �

(x2, y2) = (− 2
√

5
,− 4

√

5
)
< À �.���.�

f(x1, y1) = exp(10/
√

5)
� � �

f(x2, y2) = exp(−10/
√

5)
î

� � ���û� £�§��
¡ · ©T£�¡/�k�Y£ ì ��° � °ü©!�.�
(x1, y1)

� � �b� £�§��
¡ · ©T£�¡/�q�����5��° � °ý©!�.�
(x2, y2)

£��5���Ã¯� · °^°q�.� <
À � � ©!�3§¨¦¨��°^°q�.�Ä¶ � �Tò ��� §�¦ � �/�Q¡ · ¢
£�¡/�.� ¥çì ¦ � �.°k£�¸ · �

f |N
<

grad f(x, y) = (exp(x + 2y) 2 exp(x + 2y))T !
= 0.þ®ÿ%�.��§¨� ��� ¦¨¡�� ��� �
��©5¦��3§�¢��.����� ó�õ § � �5���.�Á¶ �Y� �/�3§��.�Cé�¡/�.� �«�ú� �5���.� <%� £ � � � � �¨� £�¡�¦��.� � � � � �/�· ©!�.�(î � £�§�§ � £�§W�
¡ · ©T£�¡/�q�Y£ ì ��° � ° ©,�.�

(x1, y1)
� � �b� £�§W�
¡ · ©T£�¡/�q�¬���5��° � ° ©!�.�

(x2, y2)£��5���.� · °^°q�.� � � ���%<

6
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¥ §²§��.� �=�5�����
Q = {(x1, x2, x3) ∈ R

3 : 1 ≤ x1 ≤ 3, 1 ≤ x2 ≤ 2, −1 ≤ x3 ≤ 1}� � �Ä� �/� � � �«� ¦��Ã³ � �5¢¦¨� · �
ρ : Q → R, ρ(x1, x2, x3) = x2(x1 − 2)2 exp(−x3)�.���Ä��� ��· ° · ���.��� ���²� £ � � � ���.���.©!�.� < ë � � � ��� ���.�b4�/� � �/�pé��3§«£�°d¦¨°k£�§�§��

M :=

∫

Q

ρ(x1, x2, x3) d(x1, x2, x3)

§ · � �/� � �.��4 �«� � � � ¤ � �5¢@¦ S = (S1, S2, S3)
î=���.���.©!�.� �=�5���«�

Si :=
1

M

∫

Q

xiρ(x1, x2, x3) d(x1, x2, x3), i = 1, . . . , 3,

� �3§ �²� £ � � � § <�� �.�����.�Y4�/�Q¶ � �Tò �«� §¨¦�î � £�§«§ � �/���#�¦��.� � £�¡/�p� ì �/§¨¦¨�/� � �.� <
��	�
����	�� ø d

dz
((z + 1) exp(−z)) = −z exp(−z)

<
¹»ºT¼ �¾½���¿ � £Y£�¡�¡/���)�ú¦��.� � £�� � �.�ô§¨¦��.¦¨���Á§¨��� �û� � �

Q
�.��� �²� £ � � � î �%< �(< ����§�©,�3§ · � � � � �*�.���Æ ·�� °k£�¡�©,� � �.� �«� î�� ì �/§¨¦¨�/� � �.��£�¡�¡/���)�ú¦��.� � £�¡/�p�T£ ��� 4=£�¦¨¶ � � � ª�·�� ¡/�3§ � �5� <

M =

3
∫

1

2
∫

1

1
∫

−1

x2(x1 − 2)2 exp(−x3) dx3dx2dx1

=

3
∫

1

2
∫

1

[

−x2(x1 − 2)2 exp(−x3)
]1

−1
dx2dx1

=

3
∫

1

2
∫

1

x2(x1 − 2)2(exp(1) − (exp(−1)) dx2dx1

=

3
∫

1

[

1

2
x2

2(x1 − 2)2(exp(1) − (exp(−1))

]2

1

dx1

=

3
∫

1

3

2
(x1 − 2)2(exp(1) − (exp(−1)) dx1

=

[

1

2
(x1 − 2)3(exp(1) − (exp(−1))

]3

1

= exp(1) − (exp(−1)

;
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S1 =
1

M

3
∫

1

x1(x1 − 2)2 dx1

2
∫

1

x2 dx2

1
∫

−1

exp(−x3) dx3

=
1

M

[

1

4
x4

1 −
4

3
x3

1 + 2x2
1

]3

1

[

1

2
x2

2

]2

1

[− exp(−x3)]
1

−1 = 2

S2 =
1

M

3
∫

1

(x1 − 2)2 dx1

2
∫

1

x2
2 dx2

1
∫

−1

exp(−x3) dx3

=
1

M

[

1

3
(x1 − 2)3

]3

1

[

1

3
x3

2

]2

1

[− exp(−x3)]
1

−1 =
14

9

S3 =
1

M

3
∫

1

(x1 − 2)2 dx1

2
∫

1

x2 dx2

1
∫

−1

x3 exp(−x3) dx3

=
1

M

[

1

3
(x1 − 2)3

]3

1

[

1

2
x2

2

]2

1

[−(x3 + 1) exp(−x3)]
1

−1 =
− exp(−1)

exp(1) − (exp(−1)

��� z����p��zd�|�
��� ������� � � � �T���~�¾�T�5���

�~�2�#���5���"!b�
ë �3§¨¦¨��°^°q�.�b4�/� � £�§ ª�· ¡ � °q�.� � �3§ � õ�� ¤,� � §�î � � �ù� �ú¦�� �¨� £�¡�© � � � ê¾¡�ò ��� �

{

(x, y, z) ∈ R
3 : (x, y) ∈ [0, 2]2, z = xy2 + y3

}

� � �Ä· ©!� �¨� £�¡�© � �3§ �²� £ �=� £�¦�§
{

(x, y, z) ∈ R
3 : (x, y) ∈ [0, 2]2, z = 0

}

¡��/�.�
¦ <
¹»ºT¼ �¾½���¿

Vol(K) =

2
∫

0

2
∫

0

xy2+y3
∫

0

dzdydx =

2
∫

0

2
∫

0

xy2 + y3 dydx =

2
∫

0

[

1

3
xy3 +

1

4
y4

]2

0

dx

=

2
∫

0

8

3
x + 4 dx =

[

4

3
x2 + 4x

]2

0

=
16

3
+ 8 =

40

3
.

#
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¥ §ç§��.�

B
� � � ë � � �.� ��� ��°[� � §¨¦��.� �²� £ �=� £��¦��.�^¶ � �/§ ��� �.� � �.�|ï¾£ � £�©!�.¡�� y =

√
x
� � �

y = x2
<4¢@��¶3¶3�/� � �.�Á4�/�

B
� � � ©!� � � ��� ���.�Á4�/�

∫

B

√
xy d(x, y).

¹»ºT¼ �¾½���¿
∫

B

√
xy d(x, y) =

1
∫

0

√

x
∫

x2

√
xy dydx =

1
∫

0

[

1

1
2
√

xy2

]

√

x

x2

dx =

1
∫

0

1

2
x

3

2 − 1

2
x

9

2 dx

=

[

1

5
x

1

5 − 1

11
x

11

2

]1

0

=
1

5
− 1

11
=

6

55
.
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