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4<�.�/�.�

A,B ∈ R
3×3 � � � �.�!�.���a�5�����

A =





1 −1 1
0 1 0
1 0 −1





�5�?�
B =





2 3 −1
−1 0 0

1 1 2



 .

� �.���3���5�?�.��4��/�M�a�/�S���� ¡�¡�£¢��.�
A · B

�5�?�
B · A ¤5¥�¦�§ �/� A + B

�5�?�
B + A

;
¨ª©P« �¬���®]¯ ¥ � �£°£ 

A · B =





4 4 1
−1 0 0

1 2 −3



 B · A =





1 1 3
−1 1 −1

3 0 −1





�5�?�
A + B = B + A =





3 2 0
−1 1 0

2 1 1





�~�2�#���5���]�²±
³�� � �.�!�.� ¥ �.�(�a�/�m�s�� ¡�¡�µ´

A =
1

5

(

3 4
4 −3

)

.

¶ �£���,�. ¡�·���·�¸ ��.�¹�a�/��º»�5�5�£°/�a�5� � x 7→ Ax ¼ �£  D(A) = R
2
; � �.���3�·�5�?�.�X4��/���?� ¥ � �£°/���5�.�½ �5�5¾< ��

(1, 0)T , (0, 1)T , (2, 1)T
�5�?�

(−1, 2)T
;!¿��.�·��� ¥ ���P���5°£�/���?�.�B4��/� ¥ �/�·�¹�a�/� ¶ �£�¡¾��5� �



À�ÁiÂ"ÃaÄ�ÅaÆ Ç]È<ÉËÊ!Ì�Í~È<ÉËÎ£Ï7Ð�Ð�Ñ�Ò�ÓÕÔ"Ð�ÖPÇ]È�×sÎËÖ�×sÐ�Ø/Ô"ÐÚÙ3ÖPÛ»ÅaÆ,Ü»Ì3ÝgÄ�Å!Þ¹ßàÐ
�5�.��ºá�5�5�£°/�a�5� � ���aâ��a�/� � � � �.�!�.�?�.� ½ �5�5¾� ��|���5�P���?�U�.�£�?�.�S4�¾<�£¢3¢��
; ¶ �/� §äã ���5�.��4��/�m�a�/� ¥ �º»�5�5�£°/�a�5� �g� � ¦�¼ �. ¡�¡� ¥ �·���!� ¥ ���5���.�£�!�.��å¨ª©P« �¬���®]¯ ¥ � �£°£ 

A

(

1
0

)

=
1

5

(

3
4

)

, A

(

0
1

)

=
1

5

(

4
−3

)

,

A

(

2
1

)

=

(

2
1

)

, A

(

−1
2

)

=

(

1
−2

)

.

æ �/�²º»�5�5�£°/�a�5� � �!� ¥ ���5���.�£�5 *�a�/�U4�ç5�/� � �.°£�5� � ���è�5�.�*³��.�·���5�.�B�a�5���·�è�5�.�Bé»� ¥ ç5�¡�5� � ¼ �£ ê �/���¸ ¡�5� � ¥�ë �.¾�  ¦ � (2, 1)T
;

�~�2�#���5���]�7ì
¶ �£�á�5�îí?�5�/�.���.�U�a�/�M�s�.� � �S�5�.� ½ ¦ °£ï<� ¦�¼ �_��° ¥

P := {p : D(p) = R → R : ∃n ∈ N, α1, . . . , αn ∈ R : p(x) =
n

∑

i=1

αix
i}.

æ � ¥¡§ �.�£ ��.���.�ð�5�îí?�5�/�.���.� § �£�g�a�/�Uºä�5�a�£ ¡� ¦ �è�5�?�è�a�/�s4�¾
��°���� ¼ �5°£ ¡�£ç5°£�£¾
�� ¡� ¦ �èâ ã � ¯ °/� ¼ �.�� ��
p, q ∈ P

�a�5���·�
(p + q)(x) := p(x) + q(x)

�5�?�
(λ · p)(x) := λ · p(x).ñ ��ò�ó,�.� � �.�]4��/� ¤ �?� ¥�¥ P

�.�£�7¿��.¾<  ¦ �¡�·��� ¼ôã �!�.� R
� ¥  �;ñ ��ò�ó,�.� � �.�s4��/� ¤ �?� ¥·¥ �a�/�M�U�.� � � {1, x, x2, . . . , xn}
â ã �õ��3�5� ¥ n ∈ N

°£�£�?�����á�5�P���5�Pö�� � � �� ¥  �; ¶ �.°/���?� æ � ¼ �.� ¥ � ¦ ���P�� Õ�5�.�Õ¿��.¾�  ¦ �¡�·��� ¼ P
å

6



À�ÁiÂ"ÃaÄ�ÅaÆ Ç]È<ÉËÊ!Ì�Í~È<ÉËÎ£Ï7Ð�Ð�Ñ�Ò�ÓÕÔ"Ð�ÖPÇ]È�×sÎËÖ�×sÐ�Ø/Ô"ÐÚÙ3ÖPÛ»ÅaÆ,Ü»Ì3ÝgÄ�Å!Þ¹ßàÐ
¨ª©P« �¬���® ñ ��ò ¶ �£� ã �!�.�¡ç5� ã â÷�.���a�/�M¿��.¾<  ¦ �¡�·��� ¼ ��´<� ¦�¼ �
øñ ��òîø æ �

0+p(x) = p(x)+0 = p(x) � �£°£  ¤ � ¥  &�?� ¥ �?�.�5 ¡�·��°/� ¯ °/� ¼ �.�� ª�5¢ � °Ú;��5�.�ªºä�5�a�£ ¡� ¦ �g�?� ¥½ ¦ °£ï�� ¦�¼ o(x) = 0
; æ � ¥ �£� ë �.� ¥ � ¯ °/� ¼ �.�� ª¢3� p ∈ P

�5¢ � °Ú;
�5�.��ºä�5�a�£ ¡� ¦ �n� ¥   i(x) := −p(x) ¤�?�
i(x) + p(x) = −p(x) + p(x) = 0 = o(x)

;�ºá�5ù��.���5� ¼ � �£°£  p(x) + q(x) = q(x) + p(x)
;º»° ¥�¦ � ¥  Õ�a�/�Mºä�5�a�£ ¡� ¦ � ë�¦ � p

�5�?�
q
¾ ¦�¼Z¼ �5 ·�� ¡� ë ; æ � ¥ º ¥·¥�¦ ¢3���� ¡� ë � � ¥ �. ¡¢�â ¦ ° �  Õ�.�!�.� ¥�¦5¤ �?�

((p + q) + v)(x) = (p(x) + q(x)) + v(x) = p(x) + (q(x) + v(x)) = (p + (q + v))(x) ¤ â ã ���°£°/�
p, q, v ∈ P

;
ñ �£��òîø�4<�.�/�.�

λ, µ ∈ R
�5�?�

p, q ∈ P
; æ ���5� � �£°£ 

(λ(µp))(x) = (λ(µp)(x)) = ((λµ)p(x)) = ((λµ)p)(x)�5�?�
(1p)(x) = 1p(x) = p(x)

;?º»�5ù��.���5� ¼ � �.°£ ��.���a�/� æ � ¥  ¡�¡�£�5�5 ¡� ë � � ¥ �. ¡¢��
((λ + µ)p)(x) = ((λ + µ)p(x)) = λp(x) + µp(x)�5�?�
(λ(p + q))(x) = λ(p(x) + q(x)) = λp(x) + λq(x).æ � ¼ �£  ¥ �£�?���a�/��¿��.¾�  ¦ �¡�·��� ¼ ��´a� ¦�¼ �Sâ ã � P

�.��â ã °£°£ �;ñ ��ò ¶ �£�2¢��.� � �.� ¤ �?� ¥�¥ â ã �Põ¡�3�5� ¥ n ∈ N
�a�/�"º»� ¥�¥ � � � 0 =

∑

n

i=0
αix

i ¼ �£  αi ∈ R ⇒ αi = 0� �£°£ �;�º»� ¥ �5� ¼ �.� ¥  ��.�è4<� ¼ � ¥  ��.� § � ¥�¥ �.� § �£� ¤ �?� ¥�¥ õ¡�3�5� ¥ ½ ¦ °£ï�� ¦�¼ p 6= 0 ë�¦�¼ ³ú�·���
n�?û<��� ¥  ��.� ¥ n

���3�.°£°/�Õü»�5°£° ¥  ��.°£°/�.�g�P�� �;�³��£°£  0 =
∑

n

i=0
αix

i ¤¸¥�¦ � ¥  !õ¡�3�5�ä���3�.°£°/�úó!���5°Pü»�5°£° ¥  ��.°£°/��5� ¥ ½ ¦ °£ï<� ¦�¼n¥ p(x) =
∑

n

i=0
αi

;

ýuþ z_ÿ��m��z_�|�
�~�2�#���5�����]�

ñ ��ò�³�� � �.�!�.� ¥ �.�(�a�/� 2 × 2 � �s�� ¡�¡�µ´
A =

(

a b

c d

)

,

§1¦ �,�.� a, b, c, d ∈ R ¼ �£  ad − bc 6= 0
;ió,�.� � �.� 4��/� ¤ �?� ¥�¥ �a�/�g¢3� A

�£� ë �.� ¥ �~���� ¡�¡�µ´� � � �.�!�.��� ¥  Õ�a�5���·�
A−1 =

1

ad − bc

(

d −b

−c a

)

.

ñ ��ò��(û ¥ �.�s4��/�S�?� ¥ °£�£�?��������³ú°/�.�/�����5� � ¥�¥ ï ¥  �� ¼
(

2 −1
4 3

)

x =

(

2
5

)

, x ∈ R
2.

�



À�ÁiÂ"ÃaÄ�ÅaÆ Ç]È<ÉËÊ!Ì�Í~È<ÉËÎ£Ï7Ð�Ð�Ñ�Ò�ÓÕÔ"Ð�ÖPÇ]È�×sÎËÖ�×sÐ�Ø/Ô"ÐÚÙ3ÖPÛ»ÅaÆ,Ü»Ì3ÝgÄ�Å!Þ¹ßàÐ
ñ ��ò�³�� � �.�!�.�s4<�.���a�/�m�s�� ¡�¡�µ´

A =

(

0 1
−1 0

)

.� �.���3���5�?�.��4��/�
A42

;
���Ë¬	�|�
� « ® æ �/�S�s�� ¡�¡�µ´��!� ¥ ���5���.�£�5 á�a�/� æ ���.���5� � � ¼ �5�.�²é»� ¥ ç5�¡�5� � ¼ �£  ¶ �£�5¾��.° π

2

;
¨ª©P« �¬���®
ñ ��ò

A · A−1 = E
�P���·�5���3���5�?�.���ñ ��òm�P���·�

(a) � �£°£ 
(

2 −1
4 3

)

−1

=
1

10

(

3 1
−4 2

)

�?� ¼ �£  � �£°£ 
x =

1

10

(

3 1
−4 2

)

·

(

2
5

)

=
1

10

(

11
2

)

ñ ��ò æ �
42 mod 4 = 2

� ¥   A42
�a�/� æ ���.�¸�5� � ¼ �£  ¶ �£�5¾��.° π

�5�?�7�?� ¼ �£ 
A42 = A2 =

(

−1 0
0 −1

)

.

�~�2�#���5�����U±¶ �£�Õ�!�. ¡�·�����¸ ��.�s�a�/�M¿��.¾<  ¦ ���.�
p1(x) = 1 + x, p2(x) = x + x2, p3(x) = x2 − 1 p4(x) = x ∈ P,

§1¦ �,�.� P
�5�.�ä¿��.¾�  ¦ �¡�·��� ¼ �5�.� ½ ¦ °£ï<� ¦�¼ �_��� ¥ ºá�aâ � ���,�m³ � � ¥  �;ñ ��ò ¯ ��  ¥ ���?�.�/�5�.��4��/� ¤�¦ ���a�/�»�s�.� � �.� {p1, p2, p3, p4}

�5¢ § ; {p1, p2}
°£�£�?�����"�5�P���5�Pö�� � � �

¥ �£�?�%;ñ ��ò � � ¥  ¡� ¼Z¼ �.�]4��/�M�a�/�M°£�£�?�������� ã °£°/� ë�¦ � {p1, p2, p3, p4}
;

¨ª©P« �¬���® ñ ��ò æ �/�á�s�.� � � {p1, p2, p3}
� ¥  &°£�£�?�����ä���5�Pö�� � � � ¤ �?� x2 − 1 = x+x2 − (1+x)â ¦ ° �   p3 = p2 − p1 ¤ ��° ¥�¦ ���?��� 0 = p2 − p1 − p3

; æ � ¼ �£ |� ¥  |�a�/� ¥ �~�s�.� � �n�5�/�·�¸ Z°£�£�?������5�P���5�Pö�� � � � ;æ �/���U�.� � � {p1, p2}
� ¥  |°£�£�?�����|�5�P���5�Pö�� � � � ¤ �?� ¥�¦ � ¥   αp1 = p2

â ã �|�.�£� α 6= 0 � �.°£ ��.�
¼_ã?¥�¥  ��
;?4<�. ¡¢3  ¼ ��� x = 0

�£�*�a�/�M³ú°/�.�/�·�¸�5� � α(1+x) = x+x2 ¥�¦ â ¦ ° �   α = 0
�5�?���?� ¼ �£ � ¥   {p1, p2}

°£�£�?�����Õ�5�P���5�Pö�� � � � ;ñ ��ò1º»� ¥ �5� ¼ ñ ��ò ��� �.�£° § � ¥·¥ �.� § �£� ¤ �?� ¥�¥ p3 = p2 − p1

; ¶ �£�"¢��.� � �.�²���5� ¤ �?� ¥�¥ {p1, p2, p4}°£�£�?�����"�5�P���5�Pö�� � � � � ¥  �;5³ú�£°£  0 = α1(1+x)+α2(x+x2)+α3x ¤¸¥·¦ â ¦ ° �  &�a�5���·� ¯ �£� ¥ �. ¡¢��.�ë�¦ � x = 0 ¤ �?� ¥�¥ α1 = 0 ¥ �.�£� ¼ � ¥�¥ ; æ � ¥ �?�.�£ù
 »� ¥ � �£°£  0 = (α2 + α3)x + α2x
2
; ¯ �£� ¥ �. ¡¢��.�ë�¦ � x = −1

°£�/�îâË�.�¡ 
α3 = 0

; æ � ¼ �£ mâ ¦ ° �  |���!�.� ñ ¢�; � ; ¼ �£  x = 1
òS���?��� ¤ �?� ¥�¥ 0 = 2α2��° ¥�¦ α2 = 0

�5�?���a�/� ¥ °£�/�îâË�.�¡ m�a�/�n°£�£�?�������gé»�P���5�Pö�� � � � ¾��.�£  ë�¦ � {p1, p2, p4}
; æ � ¼ �£  � �£°£ 

Lin(p1, p2, p3, p4) = Lin(p1, p2, p4) = {q = α1p1 + α2p2 + α3p4 : α1, α2, α3 ∈ R}
;æ �

1 = p1 − p4

�5�?�
x2 = p2 − p4

â ¦ ° �   ¤ �?� ¥�¥ �a�/�~°£�£�?�������� ã °£°/� ë�¦ � {p1, p2, p3, p4}� �.�·���5�|��� ¥ �5�.� ½ ¦ °£ï�� ¦�¼ �.� ¼ �£ ú³ú�·�����?û<��� ¥  ��.� ¥ 2
�,� ¥  ��.�� �;
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