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Chapter 1
Topological spaces

Topological spaces generalize metric spaces. One uses metric spaces in analysis
to work with continuous functions on what appears to be the “right” level of
generality. But even in this context one notices that many important concepts,
such as the continuity of functions between metric spaces itself, can be expressed
in the language of open sets alone. This observation has caused mathematicians,
first FELIX HAUSDORFF, next PAUL ALEXANDROFF and HEINZ HOPF, to use the
idea of open sets as the basis for a general theory of continuity in an axiomatic
approach. In fact HAUSDORFF’s definition was based on the concept of systems of
neighborhoods for each point.

We shall begin by defining topological spaces and continuous functions in both
ways and by showing that they are equivalent.

The objects of our study are the “spaces”; the transformations between them are
the “continuous functions”. One should always treat them in a parallel approach.
This is what has become known as “category theoretical” procedure, but we shall
not be very formal in this regard.

1. Topological spaces and continuous functions

Some basic set theoretical notation

Consider a set X and a subset A C X. We define

1 ifzeA,
) XA(x):{o ifzeXx\A

and call the function x4 the characteristic function of the subset A of X. We let
P(X) denote the set {4 : A C X} of all subsets of X an call it the power set of
X. The name derives from a natural bijection

Ay s BX) — {0,137,

The two element set {0, 1} is often abbreviated by 2 and thus 2% = {0, 1}¥.

A power set is never empty, because ) € PB(X) and X € P(X) for any set X.
The set theoretical operations of arbitrary unions and intersections are well

defined on P(X). If A = (Aj 1j € J)7 A; C X is a family of subsets of X, then
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Ud=UJ A4 E{zex:Fjenae4), (2)
JjeJ

NA=N4E{zeX:(vjel)ze A} (3)
jeJ

Exercise E1.1. (i) Verify that the function A — x4 defined in (1) above is a
bijection by exhibiting its inverse function 2% — B(X).

(ii) Let A denote the empty set of subsets of a set X. Compute | J.A and [ A,
using (2) and (3).
[Hint. Regarding (i), in very explicit terms, we have for instance (A= {z € X :
(VA)(A e A) = (z € A)}. So what?]

(iii) Verify the following distributive law for a subset A and a family {4, : j €
J} of subsets A; of a set X:

(4) AnlJ4;=JAn4,)).

JjeJ jeJ 0

In order to understand all concepts accurately, we should recall what the dif-
ference is between a subset S of a set M and a family (s; : j € J) of elements
of M. A subset S C M is a set (we assume familiarity with that concept) such
that s € S implies s € M. A family (s; : j € J) of elements of M is a function
jvrs;j:J — M. If T have a family (s; : j € J) then I have a set, namely
{s; : j € J}, the image of the function. In fact for many purposes of set theory
a family is even denoted by {s; : j € J} which, strictly speaking, is not exact.
Conversely, if I have a subset S of M then I can form a family (s : s € 5) of
elements of M, namely the inclusion function s — s:.S — M. Notice that we can
have an empty family (s; : j € 0), namely the empty function (: ) — M, whose
graph is the empty set, a subset of ) x M = @. (What we cannot have is a function
X — 0 for for X # () Check the definition of a function!)

A function f: X — Y is a triple f = (G, X,Y) of sets such that G C X x Y satisfying the
following conditions:

(i) (Vz) z € X=3y)(y € Y and (z,y) € G).

(i) (Vz,v, y’)((ac7 y) € G and (z,y’) € G):>y =y

Instead of (z,y) € G we write y = f(z). The set G is called the graph of the function f.
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Topological spaces

’ DEFINITION OF TOPOLOGY AND TOPOLOGICAL SPACE ‘

Definition 1.1. A topology O on a set X is a subset of PB(X) which is closed
under the formation of arbitrary unions and finite intersections.

A topological space is a pair (X, ) consisting of a set X and a topology O on
it. If no confusion is likely to arise one also calls X a topological space. a

Let’s be a bit more explicit:
A subset O CPB(X) is a topology iff
(i) For any family of sets U; € O, j € J, we have ;. ,;U; € O.
(ii) gor any finite family of sets U; € O, j € J, (J finite), we have njeJ U; e
(ili) P € O and X € O. O

By Exercise E1.1(ii) these statements are not independent: Proposition (iii) is
a consequence of Propositions (i) and (ii).
The following set of axioms is equivalent to (i), (ii), (iii):
A subset O of P(X) is a topology iff
(I) For each subset U of O one has | JU € O.
(IT) For each Uy,Us € O we have Uy NU; € O,
(II) X € 9.

Notation 1.1.1. If (X,9) is a topological space, then the sets U € O are
called open. A subset A of X is called closed, if X \ A is open. O

The subsets ) and X are both open and closed.

Examples 1.2. (i) For any set X, the power set (X)) is a topology, called the
discrete topology. A space equipped with its discrete topology is called a discrete
space.

(i) For any set X, the set {), X} is a topology called the indiscrete topology.
A space equipped with its discrete topology is called an indiscrete space.

(iii) For any set X, the set {0} U{Y C X : card(X \ Y) < oo} is a topology,
called cofinite topology. a

Definition 1.3. A binary relation < on a set X is called a quasiorder if it is
transitive and reflexive, and it is a partial order if in addition it is antisymmetric.
A partially ordered set or in short poset is a set (X, <) endowed with a partial
order.

For a subset Y in a quasiordered set (X, <) we write

wWEreX: (FyeY)y<a)

a set satisfying 1Y =Y is called an upper set. We also write Tz instead of T{z}.
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A quasiordered set D is directed if it is not empty and for each x,y € D there
isa z € D such that x < z and y < z. A poset (X, <) is called a directed complete
poset or decpo if every directed subset has a least upper bound. a

Example 1.4. (i) For each quasiordered set (X, <) theset {Y C X : 7Y =Y}
of all upper sets is a topology, called the Alexandroff discrete topology of the
quasiordered set.

(ii) In a dcpo the set o(X) =

(UC XU ="U and
(VD C X) (D is directed and supD € U) = DNU # 0}

is a topology, called the Scott topology of the poset. O

(iii) On the set R of real numbers, the set
OR)={UCR: (VueU)Fa,beR)a<u<band |Ja,b] CU}

is a topology on R, called the natural topology of R. a

As an exercise, determine the Scott topology on (R, <) for the natural order
on R.
We recall from basic analysis the concept of a metric and a metric space.

Definition 1.5. A metric of on a set X is a function d: X x X — R satisfying
the following conditions:
(i) (Vz,y € X)d(z,y) >0 and d(z,y) =0 iff z = y.
(ii) (Vo,y € X)d(z,y) = d(y,z).
(i) (Vz,y,z € X)d(z,z) < d(z,y) + d(y, 2).
Property (i) is called positive definiteness, Property (ii) symmetry, and property
(iil) the triangle inequality.
If a set X is equipped with a metric d, then (X, d) is a metric space.

If r >0 and z € X, then U, () ef {u € X :d(z,u) <r}is called the open ball

of radius v with center x. O

Proposition 1.6. For a metric space (X,d), the set
O(X)={UCX:VueU)(Fe>0)U.(u) CU}

is a topology. Every open ball U,.(x) belongs to O(X). O

Definition 1.7. The topology O(X) of 1.6 on a metric space is called the metric
topology for d or the topology induced by d. a

Thus any metric space is automatically a topological space. The natural topol-
ogy of R is the metric topology for the metric on R given by d(z,y) = |[y—z|. Given
an arbitrary set, the function d: X x X — R such that d(z,y) = 1 if z # y and
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d(z,z) = 0 is a metric whose metric topology is the discrete topology. Therefore
it is called the discrete metric.

Proposition 1.8. Assume that (X,9) is a topological space, and that Y C X.
Then

Oy ¥y nu U e o}

is a topology of Y. O

Definition 1.9. The topology OY is called the induced topology. The topological
space (Y, 91Y) is called the subspace Y of X.

With the concepts introduced so far we have an immense supply of interesting
topological spaces. The absolute value of complex numbers makes the complex
plane C into a metric space via d(u,v) = |v — u| and thus into a toplogical space.

The space S! & {z € C: |z| = 1} is called the unit circle, or the one-sphere. More
generally, if one considers on R™ the norm ||(z1,...,z,)|| L V2 + ...+ 22, then

the metric space determined by the metric d(z,y) = ||y — z|| is called euclidean
space. The space B" & {z € R" : ||z|| < 1} is called the closed n-cell or unit ball
in n dimensions. The subspace S" = {x € B"*! : ||z|| = 1} is called the n-sphere.

Continuous functions

’ DEFINITION OF CONTINUOUS FUNCTION

Definition 1.10. (i) A function f: X — Y between topological spaces is called

continuous, if f~1(V) is open in X for every open V C Y. The set of all continuous
functions f: X — Y is often denoted by C(X,Y).

(ii) The function f is called open if f(U) is open in Y for every open U C X.

O

Exercise E1.2. (i) Every function from a discrete space into a topological space
is continuous.

(ii) Every function from a topological space into an indiscrete space is contin-
uous.

Before we move on to the first simple proposition on continuous functions we
review some purely set theoretical aspects of functions between sets. If g: X — Y
and f:Y — Z are functions, then the composition f o g: X — Z is the function
with domain X and range Z which is well-defined by the prescription (fog)(z) =
f(g(x)) for all z € X. The identity function idx: X — X of a set X is defined by
the rule idx(z) = z.

If /:X — Y is a function and A C X a subset of the domain, then the
restriction f|A:A — Y of f to A is defined by (f|A)(a) = f(a) for all a € A.
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If A C X then the inclusion function incly: A — X of A into X is defined by
inclg(a) =aforalla € A. If f: X — A is a function, then f|A = f oincly; thus a
restriction is a special case of a composition.

A function f: X — Y is called constant if (3b € YV)(Vz € X) f(x) = b iff
(Vx, 2’ € X) f(x) = f(2') iff card f(X) = 1 iff there is a decomposition f =c,on
where n: X — {0} is the unique null function given by n(z) = 0 for all x € X and
cp(0) =b. If X and Y are sets and b € Y then the constant function with value b
is denoted consty: X — Y, consty, = ¢, o n.

Proposition 1.11. (i) The identity function of any topological space is continu-
ous, and if g: X — Y and f:Y — Z are continuous functions, then fog: X — Z
18 continuous,

(ii) If A C X is a subspace of a topological space, then the inclusion function
inclg: A — X is continuous.

(i) If f: X — Y is a continuous function between topological spaces and A C X
is a subspace, then f|A: A —'Y is continuous.

(iv) Bvery constant function is continuous. O

In short: Compositions of continuous functions are continuous. Restrictions of
continuous functions are continuous.

In the proofs of (iii) and (iv) one should utilize 1.11(i) and E1.2 by writing
f]A = f oinclya, respectively, const,, = ¢; o n. Frontal attack proofs are likewise
easy.

A function f: (X, <) — (Y, <) between two posets is called monotone or order
preserving if (Va,2’ € X) x < a'=f(x) < f(2).

Exercise E1.3. Let f: (X, <) — (Y, <) be a function between two posets.

(i) Assume that'Y is a topological space such that every open subset is an upper
set, that X has the Alexandroff discrete topology, and that f is monotone. Then
f s continuous.

(ii) Assume that both X and Y are dcpos. Then the following statements are
equivalent:

(a) f is Scott continuous, that is, is continuous with respect to the Scott topolo-

gies on X and Y.
(b) f preserves directed sups, i.e. sup f(D) = f(sup D) for all directed subsets
D of X. O

We shall characterize continuity between metric spaces shortly.

One might have expected that we distinguish functions f: X — Y between
topological spaces for which f(U) € O(Y) for all U € O(X). We called such
function open; they do play a role but not one that is equally important to the
role played by continuous functions. If Ry is the space of real numbers with the
discrete topology and R the space of real numbers with the natural topology, then
the identity function f:R; — R, f(x) = z, is continuous, but not open, and the
inverse function f~':R — Ry is open but not continuous.
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Neighborhoods

Definition 1.12. If (X, O) is a topological space and z € X, then a set U € PB(X)
is called a neighborhood of x iff

(5) FV)VeDandxeV CU.
We write
(6) U(x) ={U € P(X) : U is a neighborhood of z}. O

As a first thought let us observe, that for a subset U of a topological space
(X, 9), the following statements are equivalent:

(a) U is open, that is U € O.

(b) U is a neighborhood of each of its points, that is (Vu € U)U € U(u). Indeed,
(a)=(b) is obvious from Definition 1.12. Conversely, assume (b). Then by
1.12, for each u € U there is a U, € O containing u and being contained in U.
One verifies at once that U = (J,,cy Uy, and thus U is open by 1.1.(i).

Thus openness and being a neighborhood of a point are intimately linked con-
ceptually. We shall pursue this further.

Observation. The set $(x) satisfies the following conditions
(i) (VU eU(z))U #0
(i) (VU,V e d(z))UNV € U(z).
(iii) (VU, V) (U e U(z) and U C V) =V € U(z). O

This observation calls for the introduction of a new concept.

Definition 1.13. Assume that X is a set. A set § C P(X) of subsets of X is
called a filter, if it is nonempty and satisfies the following conditions
(1) (VA € 3’) A#0.
(i) (VA, B GS)AQB €g.
(iii) (VA, B)(AeFand ACB) = B€3g.
A set B C P(X) of subsets of X is called a filter basis, if it is nonempty and
satisfies the following conditions
(1) (VA € %) A # 0.
(ii) (VA, Be®B)(3C € W)C C AN B. O

Proposition 1.14. A subset B of P(X) is a filter basis iff the set

Y {AeP(X): (3BeB)BC A}

is a filter. O

We shall say that § is the filter generated by B, and that B is a basis of §.
The set of all neighborhoods of a point is a filter, the set of open neighborhoods
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is a filter basis. In a metric space the set of all open balls U,.(x), r > 0 is a filter
basis, and indeed the set of all open balls Uy /,(x), n = 1,2,... is a filter basis as
well, generating 4(z).

If (X, 90) is a topological space, then
z— U(z) : X — P(P(X))

is a function satisfying the following conditions:
(i) Each () is a filter.
(i) Vze X, U e Wz))z € U.

Now we want proceed in the reverse direction, start from such a function, and
create a topology:

’ HAUSDORFF CHARACTERISATION OF A TOPOLOGICAL SPACE ‘

Theorem 1.15. Let X be a set and
e Ux): X — ‘B(‘B(X))

a function satisfying the following conditions:
(i) FEach U(x) is a filter.
(i) Ve e X, U e lz))z € U.
Define 9 to be a set of subsets U of X defined by

(%) UeODeMuelU)U e hu).

Then O is a topology such that for each x, the filter o (x) of O-neighborhoods of
x is contained in (x), and that the following statements are equivalent:
(A) O is the unique topology for which each Uy (x) = () for each x € X.

(B) (VzeX,Ueld(z))(FVCUzeV)(Vve V)V eUv).

(C) (V€ X,U € t(x))(IV € U(x)) (Vv € V)U € YU(v).

Proof . The set O is readily seen to be closed under arbitrary unions and finite
intersections thus is a topology. In order to show Uy (x) C U(x), let U be an
D-neighborhood of z. Then z € V C U for some V € 9O by Definition 1.12.
According to Definition (%) of O, we have V € #(z), and since #(z) is a filter,
U € $l(x) follows.

(A)=(B): Let U € U(z). By (A), U € Uy (x). By Definition 1.12, there is a
V € O such that € V. C U. Since V € O we have (Vv € V) V € i(v).

(B)=(A): Let U € U(x) and determine V according to (B). Then V € O
by definition of 9. Hence U is an O-neighborhood by Definition 1.12, that is,
$U(z) C Up(x). Thus (A) and (B) are equivalent.

(B)=(C): Let U € {(x) and determine V according to (B). Then V € O by
Definition of O and thus V' is an O-neighborhood of z, and so, by (A), V € U(x).
If v €V, then v € V C U, and since $(v) is a filter, U € i(v) follows.
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(C)=(A): Take U € iU(x). We must show that U is an O-neighborhood of x.
We set

(%) Vo={yeX:Uei(y)} CU.

Since U € U(z) we have x € V. Now let v € Vp; then U € iU(v) by (xx). Now
by (C), (3V € 4(v))(Yw € V)U € t(w). Thus V C Vy by (+) and V € 8(v)
by (xx), and this implies Vy € 4(v) since U(v) is a filter. Now we know that
(Vv € Vo) Vo € U(v), and thus we have Vj € O by (x). Hence U is an O-
neighborhood of x by 1.12, that is, U € U (7). O

Theorem 1.16. (Characterization of continuity of functions) A function f: X —
Y between topological spaces is continuous if and only if for each x € X and each
V e U(f(z)) there is a U € U(x) such that f(U) C V. O

Corollary 1.17. A function f: X — Y between two metric spaces is continuous
iff for each x € X and each e > 0 thereis a § > 0 such that f(Us(x)) C Ue(f(x)).0

Expressed more explicitly, f is continuous if for each = and each positive num-
ber ¢ there is a positive number § such that the relation dx(x,y) < ¢ implies
dy (f(2), f(9)) <.

This is the famous e-§ definition of continuity between metric spaces. The
topological descriptions of continuity are less technical.

On the other hand, the neighborhood concept allows us to define continuity at
a point of a topological spaces:

Definition. Let X and Y be topological spaces and x € X. Then a function
f: X — Y is said to be continuous at x, if for every neighborhood V € Ll(f(;v))
there is a neighborhood U € il(x) such that f(U) C V. O

Clearly f is continuous if and only if it is continuous at each point z € X.

Example 1.18. The two element space 2 is a topological space with respect to the
discrete topology, but also with respect to the Scott topology o(2) = {0, {1}, 2}.
Let us denote with 2, the two element space with respect to this topology. This
space is sometimes called the Sierpinski space.

If (X,9) is a topological space and A a subset of X, then the characteristic
function y4: X — 2 (with the discrete topology on 2) is continuous iff A is open
and closed, i.e. 4, X\ AeD.

The characteristic function y 4: X — 2, is continuous iff A is open, i.e. A € O.
The function

A xa:0—C(X,2,)

is a bijection. a

Exercise E1.4. Verify the assertions made in the discussion of Example 1.18.
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The interior and the closure of a set

Definition 1.19. Consider a topological space (X,90) and Y C X. Define Y° or
int Y to be the union of all open subsets U C Y, thatis, Y° = | J{U € O: U CY}.
This set is the largest open subset contained in Y and is called the interior of Y.

The intersection of all closed supersets A D Y E the smallest closed set con-
taining Y. It is called the closure of Y, written Y or clY. Then complement
Y \ Y° is called the boundary of Y, sometimes written Y or bdry Y. a

Proposition 1.20. In a topological space (X,9) we have the following conclu-
si0ms:

(i) lfo =Y°and Y C Z C X implies Y° C Z°.
(i)Y =Y and Y C Z C X implies Y C Z.
(i) Y°=X\X\Yand Y = X\ (X \Y)°. a

Proposition 1.21. Let (X,9) denote a topological space and Y a subset. Let
x € X. Then the following assertions are equivalent:
(i) zeYe.
(i) (U e D)z cUCY.
(iii) (AN e U(z)) N CY.
(iv) Y € U(z).
Also, the following statements are equivalent:
)z €eY.
(i) YU € D)z e U=UNY #0.
(iii) Ewvery neighborhood of x meets Y .
(iv) X \Y is not a neighborhood of x.

One says that a subspace D of a topological space X is dense if D = X. The
set Q of rational numbers is dense in the space R or real numbers in its natural
topology.

Basis and subbasis of a topology

Often we shall define a topology by starting from a certain set of open sets which
generate all open sets in a suitable sense.

Definition 1.22. A set B C B(X) is called a basis of a topology if X =B and
(7) (VA,B e ®B)(Vz € ANB)(3C € B)z € C C ANB. -

Proposition 1.23. For a subset B C P(X), the following conditions are equiva-
lent:
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(i) B is a basis of a topology.
(ii) O def {U:(VueU)(3BeB)uec BCU} is a topology.

(iii) The set of all unions of sets of members of B is a topology. O

In the circumstances of 1.23 we say that B is a basis of 9. The discrete
topology B(X) of a set has a unique smallest basis, namely, {{x} rx € X}.

Example 1.24. (i) Let (X, d) be a metric space. The set B of all open balls
Uin(z), n € N, z € X is a basis for the metric topology O(X).
(ii) The natural topology of R has a countable basis

(8) ﬂq:l,qui{:qu,neN}.

Definition 1.25. One says that a topological space (X, ) satisfies the First
Aziom of Countability, if every neighborhoodfilter il(z) has a countable basis. It
satisfies the Second Aziom of Countability if © has a countable basis. A space
(X, 9) is said to be separable if it contains a countable dense subset.

Exercise E1.5. Every space satisfying the Second Axiom of Countability satisfies
the first axiom of countability. The discrete topology of a set satisfies the first
axiom of countability; but if it fails to be countable, it does not satisfy the Second
Axiom of Countability. A a separable metric space satisfies the Second Axiom of
Countability.

Every set of cardinals has a smallest element. Given this piece of information we can attach
to a topological space (X, O) a cardinal, called its weight :

9) w(X) = min{card B : B is a basis of O}.

The weight of a topological space is countable iff it satisfies the Second Axiom of Countability.

Definition 1.26. A set B of subsets of a topological space is said to be a basis
for the closed sets if every closed subset is an intersection of subsets taken from

B. a

The set of complements of the sets of a basis of a topology is a basis for the
closed sets of this topology and vice versa.

Proposition 1.27. Let T C PB(P(X)) be a set of topologies. Then (T C P(X)
is a topology. a

By Proposition 1.27, every set 90t of subsets of a set X is contained in a unique
smallest topology O, called the topology generated by 9. Under these circum-
stances, 9 is called a subbasis of O.

Proposition 1.28. The topology generated by a set M of a set X consists of all
unions of finite intersections of sets taken from 9. a
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Definition 1.29. Let (X, <) be a totally ordered set, i.e. a poset for which every
two elements are comparable w.r.t. <. Then the set of all subsets X, Ta, a € X,
and |a, a € X is a subbasis for the closed sets of a topology, called the order
topology of (X, <). O

[It should be understood that by |a in a poset we mean the set of all x € X
with z < a.]

Example 1.30. In R the set of all |g,00[, ¢ € Q and | — 00, q[, ¢ € Q form a
subbasis of the natural topology. a

Exercise E1.6. Show that the order topology on R is the natural topology of R.

The Lower Separation Axioms

Lemma 1.31. The relation = in a topological space defined by
(10) x =y if and ony if VU € D)z € U=y € U.

is reflexive and transitive. a

We have < y if every neighborhood of z is a neighborhood of y. If (X, <) is a
quasiordered set and £ is the Alexandroff discrete topology, then x <y iff x < y.

Definition 1.32. The quasiorder = on a topological space is called the specialisat-
ion quasiorder. a

While this is not relevant here, let us mention that the name arises from alge-
braic geometry.

Exercise E1.7. Set R* = RU {oo} and show that on (R*,o(R*)) with the Scott
topology, one has x <y iff x < y. O

Notice that the Alexandroff discrete topology «(R*) has a basis {7 : r € R*},
and thus o(R*) C a(R*) but o(R*) # «(R*). So two different topologies can
produce the same specialisation quasiorder.

The specialisation quasiorder with respect to the indiscrete topology is the
trivial quasiorder that holds always between two elements. The specialisation
order with respect to the discrete topology is equality.

Proposition 1.33. In a topological space, the point closure m 18 the lower set
la w.r.t. the specialisation order. a

Definition 1.34. A topological space (X, 9) is said to satisfy the Axiom (Tp),
or is said to be a Ty-space if and only if the specialisation quasiorder is a partial
order. Under these conditions, the topology O is called a Ty-topology. a
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Sometimes (following Alexandroff and Hopf), the Axiom (Tp) is called Kolmogo-
roff’s Axiom.
The Axiom (7p) is equivalent to the following statement:
(T§) The function & +— $(z): X — P(P(X)) which assigns to an element its
neighborhood filter is injective.

In other words: “Different points have different neighborhood filters.”

Proof of (Ty) < (T}): =< is a partial order iff x < y and y < x implies z = y. Now
x <Xy < Uz) C U(y). Hence < is a partial order iff U(z) = U(y) implies = = y,
and this is exactly (7).

Now U(x) = U(y) means that for all U € O, the relation & € U holds iff the
relation y € U holds, that is (VU € D)z € U<y € U and so (T]) is equivalent to
saying that = # y=(3U € O)(z € and y ¢ U) or (y € U and = ¢ U), and this
shows that (Tp) is also equivalent to

(Ty)) For two different elements x and y in X, there is an open set such that
eitherx e Uandy¢ U orye U and z ¢ U.

In other words, for two different points there is an open set containing precisely
one of the two points.

Definition 1.35. The space X is said to satisfy the separation axiom (73) (or
to be a T;-space), and its topology © is called a T-topology, if the specialisation
quasiorder is discrete, i.e., is equality.

A topological space is a T} space if and only if
e every singleton subset is closed.
That is {a} = {a} for all a € X.
Another equivalent formulation of the Axiom (7}) is
e If x and y are two different points then there is an open set U containing x but
not y.

Example 1.36. The cofinite topology is always a T;-topology. a

The Alexandroff-discrete topology of a nontrivial poset is a Ty-topology but
not a Ti-topology. For instance, the Sierpinski space 2, is a Ty-space which is not
a Th-space.

The terminology for the hierarchy (7,) of separation axioms appears to have
entered the literature 1935 through the influential book by Alexandroff and Hopf
in a section of the book called ,, Trennungsaxiome® (pp. 58 fI.). Alexandroff and
Hopf call the Axiom (T}) ,das erste Frechetsche Trennungsaxiom*, p. 58, 59), and
they attach with the higher separation axioms the names of Hausdorff, Vietoris,
and Tietze. In due time we shall face these axioms.

In Bourbaki Ty-spaces are called <espaces de Kolmogoroff> (s. §1, Ex. 2, p. 89).
Alexandroff and Hopf appear to have had access to an unpublished manuscript by
Kolmogoroff which appears to have dealt with quotient spaces (see Alexandroff
and Hopf p. 61 and p. 619) and which is likely to have been the origin of calling
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(Th) Kolomogoroff’s Axiom; Alexandroff continues to refer to it under this name
in later papers. Fréchet calls T7-spaces <espaces accessibles.

Definition 1.37. The space X is said to satisfy the Hausdorff separation axiom
(T3) (or to be a Ty-space), and its topology O is called a Hausdorff topology,
respectively, Ts-topology, if the following condition is satisfied:

(T») (Vz,ye X))z #£y= (AU eU(z), Vel(y) UnV =0.
In other words, two different points have disjoint neighborhoods.

Exercise E1.8. Let 9O, and D, be two topologies on a set such that O; C Os.
If 9, is a Ty-topology for n =0, 1,2, then 95 is a T,-topology.

Definition 1.38. The space X is said to be regular, and its topology £ is called
a regular topology if the following condition is satisfied:

(Vo € X)(VU € th(z)) (A € th(z)) A=A and ACU.

It is said to satisfy the axiom (73) (or to be a T3-space), if it is a regular
Ty-space. In other words:
(T5) X is a Tp-space and every neighborhood filter has a basis of closed sets. 0O

For a Ty-space X, the axiom (T3) is also equivalent to the following statement:

(¥) For any x € X and any neighborhood U € U(x), there are open sets V and W
suchthatz e V, VNW =0, and UUW = X.

Exercise E1.9. (a) Show that (T3) is equivalent to (Tp) and (x).
(b) Prove the following propositions:
(i) Every metric space is regular. In particular, the natural topology of R is
regular.

(ii) Every metric space is a Hausdorff space.

(iii) On R let ©* be the collection of all sets U \ C where U is open in the
natural topology O of R and C' is a countable set. Then D* is a topology
which is properly finer than the natural topology of R, that is, the identity
function idg: (R, O*) — (R, D) is continuous, but its inverse function is
not continuous. The topology O* is not regular. A function f:R — R is
continuous as a function (R, O.) — (R, D) if and only if it is continuous as
a function (R, O) — (R, O).

(iv) (T3)=(T2)=(T1)=(To) and (To) #(T1) #(T2) #(T5).

Comments on Exercise E1.9.(iii)

For a proof of the assertions in Exercise E1.9.(iii) we have to show, in the first
place, that O* is a topology. This seems less than obvious. We prove a few lemmas
first.

Lemma 1. (i) Let O; and D4 be topologies on a set X. Then there is a unique
smallest topology D1 V Do containing both 91 and Os.
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(ii) If B; and B, are bases of O; and D, respectively, then

BLYWUNV:UeB; and V € By}

is a basis of 97 V Os.

Proof . (i) The set 91 U D5 is a subbasis for the topology D; V 95 according to
Proposition 1.28.

(11) Let Uj € %B; and Vj S %2, j = 1,2 and r € (U1 n Vl) n (U2 n VQ) Find
Us € B1 and V3 € By such that x € U3 C U3 NUs and z € V3 C V3 NV, Then
xeUsnNVs C(UNU)N(ViNnVy) = (U NnVy) N (UznVa). It follows from
Proposition 1.23 that B is a basis of a topology which contains 7 and O, and
since UNV, for U € O1 and V € O, is contained in D7 V Do we know that 9B is
a basis of 91 V Os. O

Lemma 2. If O, has a countable basis {Uy,Us, ...}, then for every W € 91V Oq
there is a sequence of sets (Vi)nen, Vn € D2 such that W =, ey Un N Vi

Proof . By Lemma 1 there is a family (U,, NV, : j € J}, V; € O, such that
W = U, (Un;NVj). For each natural number n let J,, = {j € J : n; = n}. Then
W = U,enUjes, (Un NV;). We have

U Wnnvy) =t.0 | v

JjE€JIn JE€EIn

Set V,, = U V;. Then V,, € Oy and W = U,NV,. |

j€JIn neN

In general, many of the V,, will be empty. Set
def
U= U{Unvtn#@}

Lemma 3. In the circumstances of Lemma 2,

() Un(Vacwcu
neN

Proof . The left containment follows from U,, N(,,cx Vin € UnNV;,, and the right
containment from U, NV, CU,,n=1,2,.... O

Lemma 4. Let X be a set. Then the set of subsets of X consisting of the empty
set and all complements of countable subsets of X is a topology that is closed under
countable intersections.
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Proof . The collection of countable subsets, plus the whole set X, is closed under
arbitrary intersections and countable unions. The complements therefore yield the
desired topology. a

The topology of Lemma 4 is called the cocountable topology. If X is countable,
it agrees with the discrete topology. More generally, on each countable subset of
a set X, the cocountable topology induces the discrete topology.

Proposition 5. Let (X,9) be a topological space satisfying the Second Aziom of
Countability, and let D¢ be the cocountable topology on X. Then OV .. consists
of all sets of the form U \ C where U € O and C' is countable.

Proof . The sets V,, in Lemma 3 are either empty or are complements of countable
sets. Then [,y Vi is either empty or is a complement of a countable set. Thus
for each W € OV O, there is a countable set D in X and there is an open set
U € O such that

(%) U\DCWCU
Then C % WA\(U\D) C U\(U\D) = D. Therefore W = (U\D)UC = U\(D\C).
Since D \ C' is countable, this is what we had to show. O

We apply this to X = R, and the natural topology O on R. We see that the set
of all U \ C with open subsets U of R and countable subsets C of R is a topology
O* of R. If U\ C € D%, then the O*-closure U* of U \ C agrees with U, the
O-closure of U and the interior =—=U of U is also the O*-interior of U*. These
facts imply further properties (X, 9D*) for example, that the topology is Hausdorff
but not regular.

Quotient Spaces

An equivalence relation R on a set X is a reflexive, symmetric, and transitive
relation. Recall that a binary relation is a subset of X x X; in place of (x,y) € R
one frequently writes x Ry.

Every equivalence relation R on a set X gives rise to a new set X/R, the set of
all equivalence classes R(z) = {z' € X : (x,2’) € R}. Note z € R(z). If A and B
are R-equivalence classes, then either AN B =0 or A= B. Thus X is a disjoint
union of all R equivalence classes. One calls a set P C PB(X) of subsets a partition
of X if two different members of P are disjoint and |JP = X. We have seen that
every equivalence relation on a set X provides us with a partition of X. Conversely,
if P is a partition of X, then R % {(z,2") e X x X : (3A € P)z, 2’ € A} is an
equivalence relation whose partition is the given one. There is a bijection between
equivalence relations and partitions.

The new set X/R is called the quotient set modulo R. The function pr: X —
X/R, pr(z) = R(z) is called the quotient map.
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One of the primary occurrences of equivalence relations is the kernel relation
of a function, as follows. Let f: X — Y be a function. Define Ry = {(z,2’) :
f(z) = f(2’)}. Then there is a bijective function f":X/R; — f(X) which is
unabiguously defined by f'(Rs(z)) = f(z). If inc: f(X) — Y is the inclusion
map y — y: f(X) — Y then we have the so-called canonical decomposition f =
inc o f’ o pg, of the given function:

x — 71 vy
prl Tinc
X/Ry — f(X).

In this decomposition of f the quotient map pg, is surjective, the induced function
f' is bijective, the inclusion map is injective.

The objective of this subsection is to endow the quotient space X/R of a topo-
logical space X with a topology in a natural way so that the quotient map is
continuous and that, if R is the kernel relation of a continuous function, the in-
duced bijective function f": X/R; — f(X) is continuous.

If R is an equivalence relation on a set X we shall call a subset Y C X saturated
(with respect to R) iff for each y € Y the entire equivalence class R(y) of y is
contained in Y. Thus saturated subsets of X are exactly the subsets Y C X which
satisfy Y = |, cy R(y). If Y is a saturated subset, we let Y/ R denote the partition
{R(y) :y € Y} of Y induced by R.

Now let R be an equivalence relation on a topological space (X, 9). We let O
denote the set of all saturated open subsets of X, that is Op = {U € O : U =
Uwer R(w)}. and we set O(X/R) = {U/R: U € Or} C P(X/R). Obviously the
function U — U/R : O — O(X/R) is a bijection preserving arebitrary sups and
infs. Since D g is closed under the formation of arbitrary unions and intersections,
and since X, ) € Op and X/R, 0 € O(X/R) we see that O(X/R) is a topology
on X/R.

Definition 1.39. The topological space (X/R,9O(X/R)) is called the quotient
space of X modulo R.

Proposition 1.40. The quotient map pr,: X — X/R is continuous.

The quotient space X/R is a Th space if and only if all R-equivalence classes
are closed.

The quotient space X/R is a Hausdorff space if and only if for two disjoint
R-classes A and B there are disjoint saturated open sets U and V containing A
and B, respectively. a

The following is a recall from 1.10:

Definition 1.41. A function f: X — Y between topological spaces is called open
if f(U) is open for each open set U, that is, if open sets have open images.
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Exercise E1.10. Show that the function z +— z? : R — R fails to be open. a

Proposition 1.42. For an equivalence relation R on a topological space X, the
following statements are equivalent:

(i) The quotient map pr: X — X/R is open.

(ii) For each open subset U of X the saturation | J, ., R(u) is open. O

Group Actions

There is a prominent situation for which quotient maps are open.

Definition 1.43. A continuous function f: X — Y between topological spaces
is called a homeomorphism, if it is bijective and its inverse function f~:Y — X
is continuous. Two spaces X and Y are called homeomorphic if there exists a
homeomorphism between them. a

A function f:(X,9Ox) — (Y,9Dy) between topological spaces is a homeomor-
phism if and only if the function f implements a bijection U — f(U) : Ox — Oy

Exercise E1.11. (i) For any topological space X, the set H of homeomorphisms
f: X — X is a group.
(ii) Let G be a subgroup of H. Let us write g-x = g(x) for g € G and z € X.

Then the set X/G & {G-z|z € X} is a partition of X. The corresponding

equivalence relation is given by x ~ y iff (3g € G)y = g-x.
(iii) We let p: X — X/G denote the quotient map defined by p(z) = G-z and
endow X/G with the quotient topology. Then p is an open map. O

The set G-z is called the orbit of x under the action of G, or simply the G-orbit
of z. The quotient space X/G is called the orbit space.

Exercise E1.12. (i) Let X be the space R of real numbers with its natural
topology. Every r € R defines a function T,: X — X, via T.(z) = r + z, the
translation by r. Every such translation is a homeomorphism of R.

(ii) Let G be the group of all homeomorphisms T, with r € Z, where Z is the
set of integers.

Describe the orbits G-z of the action of G on X.

Describe the orbit space X/G. Show that it is homeomorphic to the one-sphere
St.

(iii) Now let X be as before, but take G = {T;. : r € Q} where Q is the set of
rational numbers. Discuss orbits and orbit space.

(iv) Test these orbit spaces for the validity of separation axioms. a
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A Universal Construction

Let us consider another useful application of quotient spaces.

On any topological space X with topology O x, the binary relation defined by
z =y iff <y and y <z (with respect to the specialisation quasiorder <) is an
equivalence relation. The quotient space X/= endowed with its quotient topology
O x/= will be denoted by Tp(X).

Proposition 1.44. For any topological space X, the space To(X) is a Ty-space,
and if gx: X — To(X) = X/= denotes the quotient map which assigns to each
point its equivalence class, then the function U +— q)}l(U):DTO(X) — Ox is a
bijection. Moreover, if f: X — Y is any continuous function into a Ty-space, then
there is a unique continuous function f': X/= —Y such that f = ' oqx. O

As a consequence of these remarks, for most purposes it is no restriction of
generality to assume that a topological space under consideration satisfies at least
the separation axiom (Tp).

The Canonical Decomposition
It is satisfying to know that the quotient topology provides the quotient space

modulo a kernel relation with that topology which allows the canonical decompo-
sition of a continuous function between topological spaces to work correctly.

Theorem 1.45. (The Canonical Decomposition of Continuous Functions) Let
f: X =Y be a continuous function between topological spaces and let

x —1 . vy
PRy inc
X/Ry - f(X).

be its canonical decomposition, where Ry denotes the kernel relation of f. Then
[ X/Ry — f(X) is a continuous bijection, the quotiend map pr, is a continuous
surjection, the inclusion map is an embedding, i.e., a homeomorphism onto its
image. O

If the space Y is a Hausdorff space, then so is the subspace f(X); then the
continuous bijection f’ in the canonical decomposition theorem tells us at once that
the quotients space X/Ry is a Hausdorff space—whether X itself is a Hausdorf
space or not.

Corollary 1.46. If f: X — Y is a continuous function into a Hausdorff space,
then the quotient space X/Ry is a Hausdorff space. a

Naturally one wishes to understand when f’ is a homeomorphism.
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Proposition 1.47. Let f: X — Y be a continuous function between topological

spaces. Then the following conditions are equivalent:

(i) The corestriction  — f(z): X — f(X) is open.

(ii) The quotient morphism py: X — X/Ry is open and f': X/Ry — f(X) is a
homeomorphism. O

Products

Definition 1.48. Let (X; : j € J) be a family of sets. The cartesian pro-
duct or simply product of this family, written [] jes Xj, is the set of all functions
frJ — U;es X; such that (Vj € J) f(j) € X;. These functions are also written
(zj)jes with z; = f(j) and are called J-tuples. The function pry:[[,c; X; — X,
pry ((l'j)jej) = 1z, is called the projection of the product onto the factor X;. 0O

The following statement looks innocent, but it is an axiom:
Axiom 1.49. (Axiom of Choice) For each set J and each family of nonempty
sets (X; : j € J) the product [];. ; X; is not empty. O

Proposition 1.50. If the product P def HjeJXj s not empty, then for each k €
J, the projection pri: P — Xy is surjective, and there is an injection sg: Xy — P
such that prj, os, = idx, . O

Now we wish to consider families of topological spaces and to endow their
products with suitable topologies. For this purpose let us consider a family (X; :
Jj € J) of topological spaces. Let us call a family (U; : j € J) of open subsets U;
of X; a basic family of open subsets, if there is a finite subset F' of J such that
Uj = X, for all j € J\ F. Thus for a basic family of open subsets only a finite
number of them consists of proper subsets.

Lemma 1.51. The set B of all products
v T]u;,
jeJ
where (U; : j € J) ranges through the set of all basic open subfamilies of (U; : j €
J) is a basis for a topology on
PET] x;,

jeJ
and ‘B is closed under finite intersections. The set of all unions of members of B
is a topology O on P. a
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Definition 1.52. The topology O on P is called the product topology or the
Tychonoff topology. The topological space (P, 9) is called the product space of the
family (X : j € J) of topological spaces. O

Proposition 1.53. Let (X, : j € J) be a family of topological spaces and let
p [I;c; X the product.
(i) FEach projection pr: P — X}, is continuous and open.
(ii) A function f: X — P from a topological space into the product P is continuous
if and only if for all k € J the functions prjof: X — Xj are continuous.
(iii) The product topology of P is the smallest topolog such that all projections
pri: P — X are continuous. a

Proposition 1.54. The product HjeJ X, is a Hausdorff space if all factors X;
are Hausdorff. If (bj)jes € [1;c; X; and the product is Hausdorff, then all factors
are Hausdorff.

Proof . Assume all factors are T and consider (z;);cs # (y;)jes. Thereis at least
one k € J such that xx # yr. Use that Xj is Hausdorff and complete the proof
that J]..; is Hausdorff. Now assume that the product is Hausdorff and contains
(bj)jes- Let k € J and x # y in X}. Define

xz ifj =k, y if j =k,
xj{bj itj 4L nd yj{bj it 4 k.

Then (z;),es and (y;);jes are different and thus have disjoint neighborhoods which

we may just as well assume to be two basic neighborhoods U 1ef Hje ;Uj and

y [1;c;Vj- For j # k we have b; € U; N'V;. For U and V' to be disjoint it is

therefore necessary that Uy and Vj, are disjoint. Finish the proof! a
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Chapter 2
Compactness

We proceed to special properties of topological spaces. From basic analysis we
know that compactness is one of these.

Definition 2.1. Let (X,9) be a topological space. An open cover is a subset
C C O such that X = JC or a family (U; : j € J) of open sets U; € O such that
X = UjeJ U;. The cover is said to be finite if C, respectively, J is finite. A subset
C’ C C which is itself a cover is called a subcover. A subcover of an open cover
(U; : j € J) is a subfamily (U; : j € K), K C J which is itself a cover.

Definition 2.2. A topological space (X, 9) is said to be compact if every open
cover has a finite subcover. a

Proposition 2.3. For a topological space (X,90) the following statements are
equivalent:

(i) X is compact.

(ii) Ewery filterbasis of closed subsets has a nonempty intersection. O

Exercise E2.1. Prove the following assertions:
(i) A closed subspace of a compact space is compact.
(ii) If X is a compact subspace of a Hausdorff space Y, then X is closed in Y.
(iii) Every finite space is compact.
(iv) In the Sierpinski space 24 the subset {1} is compact but not closed.
(v) Every set is compact in the cofinite topology.
(vi) Every compact and discrete space is finite. a

Definition 2.4. An element z of a topological space is said to be an accumulation
point or a cluster point of a sequence (x,)nen of X if for each U € U(z) the set
{n € N:z, € U} is infinite. O

A point z in a topological space is an accumulation point of the sequence
(zn)nen iff for each natural number n and each U € $4(x) there is an m > n such
that x,, € U.

Lemma 2.5. Assume that (T,,)nen @S a sequence in a topological space X . Let F
be the set of all sets

def
E, = {xm :n < m} = {x'mmn—&-lamn—&-% .- }

Then the following conclusions hold:
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(i) A point x € X is an accumulation point of the sequence iff

x € {&n, Tnt1, Tntz, ...} for all m € N.

(i) F is a filter basis, and () F is the set of all accumulation points of (z,)nen.O

Proposition 2.6. Let X be a compact topological space. Then every sequence
(n)nen in X has at least one accumulation point.

Proof . For a given sequence (&, )nen let F be the filterbasis of compact sets whose

members are F, & {Zm :n <m}. By (i) and Proposition 2.3 we know (| F # 0.

In view of Lemma 2.5(ii), this proves the claim. O

The reverse implication is not true in general, however we shall see that it is
true for metric spaces. These matters are more involved. We first establish two
lemmas which are of independent interest. A topological space in which every
sequence has an accumulation point is called sequentially compact

Lemma 2.7. (Lebesgue’s Lemma) Let (X,d) be a sequentially compact metric
space and let U be an arbitrary open cover of X. Then there is a number r > 0
such that for each x € X there is a U € U such that the open ball U.(x) of radius
r around x is contained in U.

Proof . Suppose that the Lemma is false; then there is an open cover U such
that for each m € N there is an x,, € X such that Uy, (2,,) is contained in no
U € U. Since X is sequentially compact, the sequence (Z,,)men has at least one
accumulation point z. Since X = (JU there is a U € U with = € U. Since U is
open, there is an s > 0 such that Us(x) C U. Now let n € N be such that 2/n < s.
Then Uy, () contains at least one x,, with m > n. Then Uy, (vm) € Uz (z) C
U, and that is a contradiction to the choice of x,,. a

A number r > 0 as in the conclusion of Lemma 2.7 is called a Lebesgue number
of the cover U.

Lemma 2.8. Let (X,d) be a sequentially compact metric space and let r > 0.
Then there is a finite subset F' C X such that for each x € X there is an element
y € F with d(z,y) <r. That is, {U-(y) : y € X} is a cover of X.

Proof . Suppose that the Lemma is false. Then there is a number r > 0 such that
for each finite subset F' C X one finds an « € X such that d(x,y) > r forally € F.
Pick an arbitrary x; € X and assume that we have found elements x4, ..., z,, in
such a fashion that d(z;,z,) > r for all j # kin {1,...,m}. By hypothesis we find
an Tm41 € X such that d(xj, xpymq1) > 7 for all j =1,...,m. Recursively we thus
find a sequence x1,x2,..., in X. Since X is sequentially compact, this sequence
has an accumulation point x € X. By the definition of accumulation point the set
{n € N:xz, € U,/y(x)} is infinite. Thus we find two different indices h # k in N
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such that x;, xp € U, j2(x), whence d(z;, 2x) < d(xj, x)+d(x,xx) <7/2471/2 =71.
This is a contradiction to the construction of (z,)nen. O

Definition 2.9. A metric space (X, d) is said to be precompact or totally bounded if
for each number > 0 there is a finite subset F' C X such that X C |J,.p Ur(2).0

We have observed in Lemma 2.8 that every compact metric space is precompact.
The space Q N [0,1] is precompact with its natural metric but not compact.

Lemma 2.10. Assume that X is a precompact metric space, and (Tn)nen a
sequence in X . Then there is an increasing sequence (My)nen of natural numbers

such that the equations yy, ef T, define a Cauchy sequence (Yp)nen in X.

Proof . Assume that we had found a descending sequence V; O Vo D .- of
subsets of X such that the diameters §, of V,, exist and converge to 0, and that
moreover {m € N : z,,, € V,,} is infinite for all n € N. Then we let m; € N be
such that z,,, € Vi and assume that m; < ma < --- < m,, have been selected
so that z,,, € Vi for k = 1,...,n. Since {m € N : z,, € V,,11} is infinite we
find an my11 > m, such that z,,, ., € Voy1. We set y, = zy,,, notice that
yn € V,, and show that (y,)nen is a Cauchy sequence. Since V,,1x C V,, we have
A(Yns Yntk) < 0p. Thus for any € > 0 we find an N € N such that n > N implies
dn < & and thus d(yn, yn+k) < € for all k € N. So (yn)nen is a Cauchy sequence.

It therefore remains to construct the sets V,,. For each natural number k there
is a finite number Fj C X such that

(*) X = U U k().

xEFy,

We shall use a simple fact in the proof:

(%) If (pn)nen is a sequence in a set M such that for finitely many subsets M), C
M, the set {m € N: p,, € My U---U M,} is infinite, then there is at least
one index k such that {m € N : p,,, € My} is infinite.

From (%) with k =1 and (**) we find 2z, € F} such that {m € N: a,, € U1(21)} is
infinite. Set V4 = Uj(z1). Assume that V3 O V5 D --- D V,, have been found such
that {m € N: x,, € V,,} is infinite and the diameter &, of V} is < 2/k. Now V,, C
X = Uzan+1 Uijn+1(2) by (x). Apply (xx) to V,, = UzEFn+1 (Vn N U1/n+1(2’))
and find a 2,41 € Fjq1 such that {m € N: 2, € V;, N Uy /p11(2n41)} is infinite.
Set Vo1 =V, NUY /nH(an). This completes the recursive construction of V,,
with d§,, < 2/n and thereby completes the proof of the lemma a

Recall that a metric space is said to be complete, if every Cauchy-sequence
converges.

Theorem 2.11. For a metric space (X,d) with the metric topology O, the fol-
lowing statements are equivalent:

(i) (X,9) is compact.
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(i) (X, D) is sequentially compact.
(iii) (X,d) is precompact and complete.

Proof . (i)=-(ii): This was shown in Proposition 2.6.

(il)=-(iii): A sequentially compact metric space is precompact by Lemma 2.8.
We verify completeness: Let (z,)neny be a Cauchy sequence. Since X is se-
quentially compact by (ii), this sequence has a cluster point . We claim that
2 = limy,— o0 T,,. Indeed let € > 0. Since (2, )nen is a Cauchy sequence, there is an
N € N such that m,n > N implies d(z,, z,) < €/2. Since z is an accumulation
point, there is an m > N such that d(z, z,,) < €/2. Thus for all n > N we have
d(z,x,) < d(,2m) + d(@m, 2,) < £/2+ /2 = . This proves the assertion.

(iii)=-(ii): Let (zn)nen be a sequence in X. By Lemma 2.10 there are natural
numbers m; < mg < --- such that (z,,, )nen is a Cauchy sequence. Since (X, d) is
complete, this sequence has a limit z. If € > 0 then there is an N such that n > N
implies @,,, € Us(x). Since m,, < my,+1 we conclude that {m € N: z,, € Us(z)}
is infinite. Hence z is an accumulation point of (z,,)nen.

We have shown that (ii) and (iii) are equivalent.

(ii)=>(i): Let U be an open cover. Let r > 0 be a Lebesgue number for this
cover according to Lemma 2.7. Since X is precompact by what we know we find
a finite set F' C X such that X = |J,cp U, (). For each x € F we find an U, € U
such that U,(z) C U, by Lemma 2.7. Then X = J,cpUr(z) € U,epUs € X
and thus {U, : x € X} is a finite subcover of U. O

Theorem 2.11 is remarkable in so far as the three statements (i), (ii), and (iii)
have very little to do with each other on the surface.

Theorem 2.11 links our general concept of compactness with elementary anal-
ysis where compactness is defined as sequential compactness.

Exercise E2.2. (i) Show that a compact subspace X of a metric space is always
bounded, i.e. that there is a number R such that d(z,y) < R for all z,y € X

(ii) Give an example of an unbounded metric on R which is compatible with
the natural topology.

(iii) Show that a closed subset X of R which is bounded in the sense that it is
contained in an interval [a, b] is compact.

(iv) Prove the following result from First Year Analysis. (Theorem of Bolzano-
Weierstrass).

A subset of R™ is compact if an only if it is closed and bounded with respect to
the norm given by |[(x1,...,2n)||co = max{|z1],...,|Tn|}.

(v) Show that the Theorem of Bolzano-Weierstrass holds for any norm on R™.00

Exercise E2.3. Use Theorem 2.11 for proving that a subset of R™ is compact if
and only if it is closed and norm bounded. ad

In this spirit, Theorem 2.11 is the “right” generalisation of the Bolzano-Weier-
strass Theorem.
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There are some central results concerning compact spaces which involve the
Axiom of Choice. Therefore we must have an Interlude on the Axiom of Choice.

Chapter AC
An Interlude on the Axiom of Choice.

We need some concepts from order theory.

Definition AC.1. A poset (X, <) as well as the partial order < are said to be
inductive, if each totally ordered subset (that is, a chain or a tower) T C X has
an upper bound bin X (ie. t <bforallbeT).

Example AC.2. Let V be a vector space over any field K and let X C PB(X)

be the set of all linearly independent subsets. On X we consider the partial order

C. If T is a totally ordered set of linearly independent subsets of V' then b def ur

is a linearly independent set due to the fact, that linear independence of a set F’
of vectors is a property involving only finite subsets of F. Also, b contains all
members of 7. Hence (X, C) is inductive. O

Definition AC.3. A binary relation < is called a well-order, and (X, <) is called
a well-ordered set if < is a total order (i.e. a partial order for which every pair of
elements is comparable) such that every nonempty subset has a smallest element.O

Example AC.4. Every finite totally ordered set is well-ordered. The set N of
natural numbrs with its natural order is well-ordered. The set NU{n—~ :n,m €
N} is well ordered with the natural order. O

We begin by formulating a couple of statement concerning sets, posets, topo-
logical spaces.

AC: The Axiom of Choice. For every family of nonempty sets (X; : j € J)

the product HjEJXj is not empty. a
ZL: Zorn’s Lemma. Fvery inductive set has mazimal elements. ad
WOP: The Well-Ordering Principle. FEvery set can be well-ordered. a

TPT: The Tychonov Product Theorem. Fach product of compact spaces is
compact. O
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The point of this interlude is to prove that these four statements are equivalent.
Let us begin with a couple of simple implications

TPT=AC: Let (X; : j € J), X; # 0 for all j € J for some set J. Then Y; =
X; U{X;} is a set and X; ¢ X;. The product [[,c;Y; is not empty because it
contains the element (X;);es. Let Fin(.J) denote the set of finite subsets of J. For
each finite subset £ € Fin(J) we set Sp = [[,c; Z; where

4 _ X ifjer,
ITY; ifjeJ\F.

Since X; # 0 for all j € J we have [];.r X; # 0 since we accept the “finite”
Axiom of Choice. Now we topologize Y; by declaring O; = {0,{X;}, X;} to
be its topology. Then X; is a closed subset of Y;, and Y; is compact. Now
S ={Sp: F' € Fin(J)} is a filter basis of closed subsets of P =[];.;Y; and P is
compact by TPT. Thus [[;c; X; = Npepinn SF # 0 by 2.3. O

ZL=WOP: Let X be a set, pick g € X and consider the set (X, <) be the set

of all well ordered subsets (A4, <4) with 2y as minimal element, where
(Av SA) j (B7 SB) if

(1) AC B,

(2) <p [(Ax A) =<4, and

(3) A is an initial segment of B.
We claim that the poset (X, <) is inductive: Let 7 be a totally ordered subset.
Then we form the subset T'=|J7 and define a binary relation < on T as follows:
Let x,y € T. Then there is an S € X containing x and y. Since S is totally
ordered we have z <g y or y <g z, and we set x < y in the first case and y <r y
in the second. It is readily seen that this definition is independent of the choice of
S. It is seen that S € 7 implies that S is an initial segment of T. If ) # A C T,
then there is an @ € A and then a € |J7; thus a € S for some S € 7. Since S is
well-ordered, m = min(ANS) exists. Since S is an initial segment of T' we conclude
m = min A. Thus (X, <) is inductive. By Zorn’s Lemma ZL we find a maximal
element (M, <js). We claim M = X. Suppose not. Then there is an z € X \ M.
We extend <j; to M’ = MU{x} by making x bigger than all elements of M. Then
(M’, <pp) is a well-ordered set with M as an initial segment. This contradicts the

maximality of (M, <ps). Thus X = M and (X, <x) is well-ordered. O
WOP=-AC: Let (X : j € J) be a family of nonempty sets; set X def Ujes Xj-
Let < be a well-order of X. Then (min X;);es € [[;c; X;- O

We still have to show AC=-ZL and ZL=TPT. First we shall show that AC
implies ZL; then we shall conclude the interlude and prove ZL="TPT in the course
of our discussion of compact spaces.

For a proof of AC=ZL we prove a Lemma of independent interest in oder
theory.
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Theorem AC.5. (Tarski’s Fixed Point Theorem) Let (X, <) be a poset such that
every totally ordered subset has a least upper bound. Assume that the function
f: X — X satisfies (Vo € X))z < f(x). Then f has a fixed point, that is, there is
an xg € X such that f(xo) = xo.

Let us note the parallel to Banach’s Fixed Point Theorem: Let (X,d) be a
metric space such that every Cauchy sequence converges. Assume that the function
[ X — X satisfies (GN)-0 < X < 1 and (Va,y € X)d(f(z), f(y)) < Ad(z,y). Then
f has a fized point.

That is, X satisfies some completeness hypothesis and f satisfies some contrac-
tion hypothesis. But the proofs proceed quite differently.

Yet before we prove Tarski’s Fixed Point Theorem we shall show how with
its aid one can use AC to prove ZL. Thus let (X, <) be a inductive poset. Let

X denote the set of all totally ordered subsets of X; then (X,C) is a poset in

which every totally ordered subset 7 has a least upper bound, namely, T’ def Ur7.

We claim that X has maximal elements. If not, then for any ¥ € X the set
My ={Z e X:Y C ZY # Z} is not empty. By the Axiom of Choice there
is an element f € [],cp My, that is f is a selfmap of A’ such that Y C f(Y),
Y # f(Y), and this contradicts the Tarski Fixed Point Theorem AC.5. Thus we
find a maximal chain M. Since X is inductive, M has an upper bound b. But
now b is a maximal element of X because otherwise there would have to be an
element ¢ € X such that b < ¢, yielding a chain M U{c} properly containing M in
contradiction with the maximality of M. Therefore X has maximal elements and
this is what Zorn’s Lemma asserts.

Let us also notice that with the aid of ZL a proof of the Tarski Fixed Point
Theorem is trivial: If X is an inductive set, then by ZL it contains a maximal
element c. If now f is a self map of X with z < f(z), then ¢ < f(c) implies
¢ = f(¢) by the maximality of ¢, and thus ¢ is a fixed point of f.

The entire point now is to prove the Tarski Fixed Point Theorem without AC
or ZL.

For a proof of Tarski’s Fixed Point Theorem let (X, <) be a poset such that
sup C' exists for each chain C C X. Let us call a subset A C X closed if for each
chain C' C A we have supC € A and f(A) C A. The empty set is a chain and
thus the set X has a smallest element min X = sup®. Moreover, if A is closed,
then 0 is a chain contained in A, and thus min X = sup () € A.

Let X' = ({4 C X : Ais a closed subset of X}. Then X’ is the smallest
losed subset of X. It suffices to prove the Fixed Point Theorem for X’ and f|X'.
We shall therefore assume from now on that X has no proper closed nonempty
subsets. (Notice that @ is closed.)

Definition A. We say that x € X decomposes X if, for any y € X, either y <z
or f(z) <wy, that is, X = [z U 1 f(z).

Definition B. Let us call an element x € X a roof if y < x always implies
fly) <z
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Lemma C. Any roof decomposes X .

Proof . Let x be a roof. Set

Z={yeX:y<wor f(x) <y}=leU1f().

We claim that Z is a closed set; once this claim is proved, we are done: Since X
has no proper closed subsets, this implies Z = X.

To prove the claim, let C be a chain in Z and write z = sup C. We must show
that z € Z. If C C |z, then z € | C Z; if C € |z, then there is ¢ € C such that
f(z) < ¢, and then f(z) <supC = z. Hence z € Z.

Next let z € Z. We must also show that f(z) € Z. If z < z, then f(2) <z
since z is a roof. Thus f(z) € v C Z. If z = «, then f(z) = f(x) € 1f(z) C Z.
If, finally, f(x) < z, then f(z) < z < f(z) and thus f(z) € 1f(z) C Z. This
completes the proof of Lemma C.

O

Lemma D. FEvery element in X is a roof.

Proof . Set
D={yeX:y isaroof}.

We claim that D is a closed subset. Again, since X has no proper closed subsets,
this will prove X = D.

For a proof that D is closed, let C C D be a chain and d = sup C; we must
show that d is a roof. If d € C' then we are done, thus we assume that ¢ < d for
all c € C. Let < d; we must show f(z) < d. We assert that there is a ¢ € C
such that x < ¢. Suppose this is not the case. Then = £ c for all ¢ € C; since c¢ is
a roof, z £ ¢ means f(c¢) <z by Lemma C. But then ¢ < f(c¢) < z for all ¢ € C,
and so d < z < d, a contradiction. Thus = < ¢ for some ¢ € C' as asserted. Since
cis aroof, f(z) <c¢<dandso f(z) <d. This shows that d is a roof as asserted
and thus d € D.

Next let d € D, that is, d is a roof; we must show that f(d) is a roof as well.
So let & < f(d). Since the element d is a roof it separates X by Lemma C, that
is X = |[dU1f(d). Then z < d. If x < d, then f(x) < d since d is a roof, and so
f(z) < f(d). If z =d then f(z) = f(d) < f(d). So f(d) is a roof as was asserted.

O

At this point it follows that X is a chain. Let zp = max X. Then f(z¢) < xo.
By hypothesis on f we have xo < f(x¢). Thus f(x¢) = x¢ and thus zg is the desired
fixed point of f. This completes the proof of the Tarski Fixed Point Theorem. O

Now we know that (AC), (ZL), and (WOP) are equivalent.
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More information on filters

Lemma AC.6. Let X be a set. The set Filt(X) of all filters on X, as a subset
of B(P(X)) is an inductive poset. O

Definition AC.7. Any maximal element in Filt(X) is called an wltrafilter.

If Xisaset and z € X, then Y = {F C X : z € F} is an ultrafilter. Such an
ultrafilters is called a fixed ultrafilter.

Proposition AC.8. (AC) Ewvery filter on a set is contained in an ultrafilter.
Every filter basis is contained in an ultrafilter.

Proof . Let F be a filter. The set of all filters containing F is inductive an thus
by Zorn’s Lemma contains maximal elements. If B is a filter basis, then the set F
of all supersets of members of B is a filter which is contained in an ultrafilter by
the preceding. a

The preceding proposition is also called the Ultrafilter Theorem (UT). We saw
that (AC)=(UT). The reverse implication is not true; however, for the working
mathematician this is a subtlety which we do not dwell on here.

Exercise EAC.3. Prove directly the following proposition:

Let X be a set and U an ultrafilter in X. If f: X — Y is a surjective function,
then {f(U) : U € U} is an ultrafilter on Y. If A€ U, then {ANU :U €U} is an
ultrafilter on A. O

Definition AC.9. A filter basis is called an ultrafilter basis if the filter of all of
of its supersets is an ultrafilter.

Proposition AC.10. The following statements are equivalent for a filter F on a
set X:
(i) F is an ultrafilter.
(ii) Whenever X = AUB and ANB =10, then Ac F or Be F.
(ii") If X is the disjoint union of finitely many subsets Ay, ..., A,, then Aj € F
for some j € {1,...,n}.
(ii"”) Whenever X = Ay UAsU---UA,, then A; € F for some j € {1,...,n}.
(iii) Whenever X = AUB, then A€ F or Be F.

The following statements are equivalent for a filter basis B on a set X :

(I) B is an ultrafilter basis.
(IT1) Whenever X = AU B and AN B = 0, then there is a C € B such that
CCAorCCB.
(III) Whenever X = AU B, then there is a C € B such that C C A or C C B.
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Proof . (1)=(ii): Assume (i) and X = AU B and AN B = (. If the assertion fails,
then Fa={SCX:3F e F)ANFCStand Fg={SCX:(FFe€ F)BNF C
S} are two filters such that F C FyNFp. Since F is an ultrafilter, F4 = F = Fp;,
but then A € F and B € F whence ) = AN B € F, a contradiction.

(ii)=(i). Assume (ii) and consider F C G for some filter G on X. Suppose that
G is properly larger than F; then there is a set A € G\ F. Set B =X \ A. From
(ii) we conclude B € F. But then B € G and thus ) = AN B € G, a contradiction.

(ii)=(ii’). Using (i), by induction we see that if X is a disjoint finite union of
n > 2 subsets, then, given an ultrafilter on X, one of these subsets belongs to the
ultrafilter.

(ii")=(ii") Assume that X = A;UA3U---UA,,. The set of all finite intersections
and all unions of these is a finite set of subsets of X closed under the formation
of intersection and union: It is a finite topology. The set of minimal elements of
this topology is a partition of X. (see Proposition 1.44). Then by (i7’), for each
ultrafilter X F there is (exactly) one J € J such that X; € F. Then for all j € J
we have A; € F, since F is a filter.

(ii")=(iii)=>(ii) is trivial.

(I)e(I1)«<(III). Apply the preceding to F = (B), the filter generated by B. O

Definition AC.11. Let f: X — Y be a function and F and G be filter bases on
X and Y, respectively. Set

J(F)={f(F): FeF}yand f1(G)={f1(G): Geg} =

Proposition AC.12. (i) f(F) is a filterbasis, and if F is a filter and f is
surjective, then f(F) is a filter as well.

(ii) f~Y(G) is a filter basis, and if G is a filter and f is injective, then f~1(G)
is a filter.

Proof . (i) Let Fy, Fy € F; then F contains an F' such that F' C F; N Fy since F
is a filter basis. Then f(F) C f(F1 N Fy) C f(F1) N f(Fz). Thus f(F) is a filter
basis.

Now assume that f is surjective and that F is a filter. Let F' € F and f(F') C B.
Then F C f~!(B), and since F is a filter, f~1(B) € F. Since f is surjective,
B=1((B)) € }(F).

(ii) Let G1,Go € G. Then there is a G € G with G C Gy N G3. Then
FYG) C UG NGL) = fF~HGy) N f~HG3). Thus f71(G) is a filter basis.

Now assume that f is injective and that G is a filter. Let G € G and f~}(G) C
A. Then G C f(A)U (Y \ f(X)) since f is injective and f(A)U (Y \ f(X)) € G
since G is a filter. Now A = f~1[f(A) U (Y \ f(X))] isin f71(G). O

Proposition AC.13. Let U be an ultrafilter basis in X and f: X — Y any
function. Then f(U) is an ultrafilter basis.
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In particular, if f is surjective and U is an ultrafilter, then f(U) is an ultrafilter
as well.

Proof . We prove this by using the equivalence of (I) and (IT) in Proposition AC.10.
Solet Y = AUB, ANB = . Then X = f~}(A)Uf~Y(B) and f~1(A)nf~1(B) = 0.
Now, since U is an ultrafilter basis, by (I)=(II) in Proposition AC.8, there is a
U € U such that either U C f~1(A) or U C f~1(B). In the first case, f(U) C A,
in the second case, f(U) C B. Thus by (II)=(I) in Proposition AC.8 we see that
f(U) is an ultrafilter basis.

Finally, AC.10(i) proves the remainder. O

Chapter 2
Compactness Continued

Now we shall show that Zorn’s Lemma implies Tychonov’s Product Theorem. We
need the concept of convergence for filters.

Definition 2.12. We say that a filter 7 on X converges to x € X if U(x) C F.
A filter basis B converges to x if the filter generated by B converges to x.

A point to which a filter, respectively, filter basis F converges is also called a
limit point of F a

It is immediate that a filter basis B converges to x iff for each neighborhood U
of x there is a member B € B such that B C U.

A sequence (z,,)nen is said to converge to z if for every neighborhood U of x
there is an N € N such that x, € U for all n > N. Once we are given these
definitions it is an easy exercise to show that a sequence (z,)necn converges to
iff the filter basis B = {{zy,Zn41,...} : n € N} converges to z.

For an ultratilter ¢ on a topological space X, a point x € X is a limit point iff
for all U € Y(x) and each F € U we have UNF # 0 iff 2 € (Vg F-

Theorem 2.13. (UT) For a topological space (X, 9) the following statements are
equivalent:

(i) X is compact.
(ii) Fvery ultrafilter converges.

Proof . (i)=(ii): Let U be an ultrafilter. By (i) there is an x such that z € V for

all V € U (see 2.3). This means that UNV # 0 for all U € Y(z) and all V € U.

Then 7 & {F:UNV CF,Ue€ ),V €U} is a filter containing U. Since
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U is maximal among all filters, we have F = U and thus U = F D (x), i.e., U
converges to x.

(ii)=-(i). (UT) Let B be a filter basis of closed sets; we must show that () B # 0.
By the Ultrafilter Theorem (UT), the filter basis B is contained in an ultrafilter I/
which by (ii) converges to some element x. Let U be a neighborhood of z. Then
U e U. Now let B € B; since B C U we have B € U, and thus BNU € U; in
particular, BN U # (). Therefore x € B = B for all B € B. a

The proof of the preceding characterisation theorem for compactness required
actually the Ultrafilter Theorem (UT). This axiom allows the proof of other char-
acterisation theorems for compactness as is exemplified in the following exercise.

Exercise E2.4. Recall that a subbasis for a topology 9 is any subset S, such
that © is the smallest topology containing S. This means that for each open set
U € O and each x € U, there are finitely many subbasic open sets S1,...,S, such
that z € S4nN---NS, CU.

A set A of closed sets is called a subbasis for the closed sets if {X\A4: A € A} isa
subbasis for the topology, that is iff for each closed set A and a point « ¢ A there are
finitely many subbasic closed sets 51, ..., S, such that A C S;U---US,, C X\ {z}.

Prove the following theorem: Alexander Subbasis Theorem. Let S be a
subbasis of the topology of a topological space X. Then X is compact if and only
if any open cover taken from S has a finite subcover.

[Hint. By definition of compactness if X is a compact space then any open cover
has a finite subcover. We have to assume that every open cover of subbasic open
sets has a finite subcover and then conclude that any open cover has a finite
subcover.

We might just as well assume that for a suitable subbasis S of closed sets every
filterbasis generated by subbasic closed sets has a nonempty intersection, and prove
that each ultrafilter converges (Theorem 2.13.) So let U be an ultrafilter. We must
show that (\pgy F # 0 because this intersection is the set of all limit points of I.

Let F € Y and x € X \ F. Since S is a subbasis for the set of closed sets, there
are finitely many S,...,S, € S such that F C F C S;U---US,, C X\ {z} Since
U is an ultrafilter, one of the S;, denoted S € S, is contained in U. (See Notes,
Proposition AC.10). Therefore

(1) SNU #D, and
(2) VFeld,z¢ F)3SeS)FNSeldand z ¢ S.

Thus Fy X SN is not empty by (1). A finite collection of elements of Fy is

contained in the filter & and therefore has a nonempty intersection; the set of all

finite intersections of elements of F is a filter basis B of closed subbasic sets. It
therefore satisfies (| Fo = (B # 0 by hypothesis. We claim

(3) () F=)%-

FeF
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The relation “C” is clear (why?). For a proof of the reverse containment, assume
x & (\pey F and show that 2 ¢ () Fo. Under this assumption there is an F' € U

such that ¢ F. Then by (2) there is an S € Fy such that « ¢ S. Hence z ¢ [ Fo.
This shows “2”. Thus (3) holds and the left side is nonempty. This is what we
had to show.]

Notice that the Alexander Subbasis Theorem requires the Ultrafilter Theorem
(UT) which is secured by the Axiom of choice (AC).
The next theorem is the crucial one. It will prove that AC=TPT.

Theorem 2.14. (AC) The product of any family of compact spaces is compact.
Proof . Let (X; : j € J) be a family of compact spaces. Let P def [[;e;X;. If one
X; is empty, then P = () and thus P is compact. Assume now that X, # (. We
prove compactness of P by considering an ultrafilter & on P and showing that it
converges.

For each j € J the projection pr; (i) is an ultrafilter. Let L; C X; be the set
of points to which it converges. Since X is compact, L; # (. By the Axiom of
Choice L & [ljcs Lj # 0. Let (z;)jes € L.

Now let U be a neighborhood of z def (zj)jes. We may assume that U is a

basic neighborhood of the form U = [[ . ; U;, where U; = X; for all j € J\ F' for
some finite subset of J. Then we find a member M € U such that pr;(M) C U; for

j € F. Thus M C pr; ' (U;) and so pr; ' (U;) € U. Accordingly U = [[;,U; =
ﬂjeF Prj_l(Uj) eu. 0

Notice that we have used the Axiom of Choice by applying the Ultrafilter
Theorem and by selecting (z;);e..

Exercise E2.5. Prove:
In a Hausdorff space, a filter F converges to at most one point..

Thus in a Hausdorff space a converging filter converges to exactly one point x,
called the limit point and written z = lim F.

Corollary 2.15. (UT) The product of a family of compact Hausdorff spaces is a
compact Hausdorff space. a
The Ultrafilter Theorem (UT) indeed suffices for a proof of this theorem.

Example. (Cubes) Let I denote the unit interval [0, 1] and D the complex unit
disc. For each set J the products IV and D’ are compact spaces. a

We have made good use of the concept of a filter and its convergence. In
passing we mention the concept of a Cauchy-filter on a metric space. Let us first
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recall that in a metric space (X, d) a subset B C X is bounded if there is a number
C such that d(b,c¢) < C for all b,c € B. For a bounded subset B, the number
sup{d(b,c) : b,c € B} exists and is called the diameter of B. When we speak of
the diameter of a subset, we imply that we assume that the subset is bounded.

Definition 2.16. A filter F on a metric space (X, d) is called a Cauchy-filter if for
each € > 0 it contains a set of diameter less than €. A filter basis is a Cauchy-filter
basis if it contains a set of diameter less than e. O

Clearly, a filter basis is a Cauchy-filter basis if and only if the filter of all super
sets of its members is a Cauchy-filter.

Exercise E2.6. Show that a sequence (x,)nen is a a Cauchy-sequence iff the
filter basis of all {z,,, Zp+1,...}, n € N is a Cauchy filter basis.

Lemma 2.17. (i) Let F be a Cauchy-filter in metric space. Then there is a
countable Cauchy-filter basis C, C1 O Coy D --- such that the diameter of C,, is less
than% and C C F .

(ii) If F C G are two filters in a metric space such that F is a Cauchy-filter
and G converges to x then F converges to x. O

If C converges, and thus the filter (C) of all supersets of the C,, converges, that
is, contains some neighborhood filter {l(x), then the given filter F converges. If now
we select in each set C,, an element ¢,, then (¢, )nen is a Cauchy-sequence. Then
{{cn,an, ...} : n € N} is a Cauchy-filter basis B which converges iff (¢)nen
converges. Moreover, (C) C (B).

Proposition 2.18. A metric space (X, d) is complete if and only if every Cauchy-
filter converges. O

For a given ¢, a precompact metric space is covered by finite number of open
e-balls. Thus any ultrafilter contains one of them. Hence every ultrafilter on
a precompact spaces is a Cauchy-filter. Thus on a complete precompact metric
space every ultrafilter converges. This is an alternative proof that a metric space
is compact iff it is complete and precompact. This approach has the potential of
being generalized beyond the metric situation.

Exercise E2.7. Fill in the details of this argument.

Compact spaces and continuous functions
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Proposition 2.19. Let f: X — Y be a continuous surjective function of topolog-
ical spaces and assume that X is compact. Then'Y is compact. Let

x — 5 vy
QfJ( Tidy
X[Ry ———— ¥

be the canonial decomposition of f. If Y is a Hausdorff space, then [’ is a home-
omorphism. a

In short: Continuous images of compact spaces are compact, and as easy con-
sequence we know that a bijective continuous map between Hausdorff spaces is a
homeomorphism.

Corollary 2.20. If O C O’ are Hausdorff topologies on a set and O’ is compact,
then O = O'. 0

Among Hausdorff topologies, compact ones are minimal.

A totally ordered set is defined to be order complete iff every subset has a least
upper bound.

If AC X and (X, <) is order complete, let L be the set of lower bounds of A.
Then sup L = inf A.

If A C X is closed w.r.t. the order topology, then sup A = max A and inf A =
min A.

Exercise E2.8. Prove these claims.

Lemma 2.21. A totally ordered space (X, <) is compact w.r.t. the order topology
if and only if X is order complete.

Proof . If X = (), then X is complete by default. Assume that X is compact and
A C X. Show that max A = sup A

Now assume that X is order complete. B be a filter basis of closed subsets. Let
M = {min B : B € B}. Show that sup M € B. 0

Exercise E2.9. Fill in the details of the proof of Lemma 2.21.

Proposition 2.22. (Theorem of the Maximum) Let f: X — Y be a continuous
function from a compact space into a totally ordered space. Then f attains its
mazimum and it s minimum, i.e. there are elements x,y € X such that f(z) =
max f(X) and f(y) = min f(X). O
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Uniform Continuity, Uniform Convergence, Equicontinuity

Compactness has substantial applications in Analysis; we sample some of them

Definition 2.23. A function f: X — Y between metric spaces is called uniformly
continuous, if

(1) (Ve > 0)(38 > 0)(Vz € X) f(Us(z)) € U:(f(2)). H
Recall that f if continuous if

(2) (Ve > 0)(Vz € X)(30 > 0) f(Us(x)) C U:(f(2)).

Proposition 2.24. A continuous function f: X — 'Y from a compact metric space
into a metric space is uniformly continuous. a

[For each € > 0 and each « € X and pick d(x) > 0 so that f(Ug(z)) C U./2(f(x))
and let § be a Lebesgue number of the open cover {Ug,)(z) : © € X}.]

Definition 2.25. Let X be a set and Y a metric space. Define B(X,Y) to be the
set of all bounded functions, i.e. functions f: X — Y such that {d(f(z), f(z')) :
x,2’ € X} is a bounded subset of R.

If X and Y are topological spaces, then C(X,Y) denotes the set of all continuous
functions from X to Y. O

Proposition 2.26. (i) Let X be a set and Y a metric space. Then B(X,Y) is a
metric space with respect to the metric d(f,g) = sup{d(f(z),g(z)) : z € X}

(ii) If X is a compact topological space and'Y is a metric space, then C(X,Y) C
B(X,Y), and C(X,Y) is a closed subset. O

We say that B(X,Y) carries the (metric) topology O, of uniform convergence.
The topology induced on B(X,Y) by the product topology of YX is called the
topology of pointwise convergence, denoted O,. Clearly O, C O,,.

Let F C C(X,Y) be a set of functions. Can we give conditions such that
F|O, =F[9,?

Definition 2.27. A set F of functions X — Y from a topological space to a
metric space is called equicontinuous if

(3) (Vz € X)(Ve > 0)(IU,,- € U(z))(Vf €F) f(Usc) C U-(f(2)). =

By comparison, the statement that all functions in F are continuous reads as
follows:

(4) (Vf € F)(Va € X)(Ve > 0)(Wya,e € W) f(Usae) C Ue(f(2)).
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If X is compact and F C Y¥ is equicontinuous, then F C C(X,Y) C B(X,Y).
Thus on F we can consider the topologies of pointwise and of uniform convergence.

Proposition 2.28. Let X be a compact space, Y a metric space and F an equicon-
tinuous set of functions X — Y. Then F|O, = F|Oy, that is the topologies of
pointwise and of uniform convergence agree on F.

Proof . Let f € F, and € > 0. We must find a § > 0 and F C X finite such that
(5) (Vg € F)[(Ve € E)d(f(e),g(e)) < d] = (Vo € X)d(f(x),g9(z)) <e.

For each € X we find an open neighborhood V,, of z in X such that (Vf €
F) f(Vz) € U.s3(f(x)) Since X is compact, there is a finite set £ C X such that
X = U.cp Ve Set § = £/3 and assume that g € F satisfies d(f(e),g(e)) < ¢/3
for e € E. Now let x € X arbitrary. Then there is an e € F such that x € V.
Accordingly, d(f(2). g(x)) < d(£(2). f(e)) +d(f(e). g(e)) + d(gle). g(x)) < § +

O

£+ £ =&. The required condition is now satisfied with 0 = ¢/3.

Lemma 2.29. IfF is an equicontinuous subset of B(X,Y) for a topological space
X and a metric space Y, then the closure F of F in YX is equicontinuous. As a
consequence, if X is compact, then the closures of F in the topologies of uniform
convergence and that of pointwise convergence agree and are contained in C(X,Y).

Proof . Let ¢ > 0 and « € X. Find a U € U(z) such that f(U) € U./3(f(z)) for all
f- Now let g be in the closure of F with respect to the pointwise topology and let
u € U. Then there is an f € F such that d(f(u),g(v)) < e/3 and d(f(z),g(z)) <
e/3. Now d(g(u), g(x)) < d(g(u), f(u)) +d(f(u), f(z)) +d(f(z), g(z)) <35 =e.
This proves the first claim.

Now let G be the closure of F with respect to the uniform topology in B(X,Y’).
Then G C F. If X is compact, Proposition 2.28 applies and shows F|O, = F|O,,.
Therefore, G = F. By Proposition 2.26, G C C(X,Y). O

Definition 2.30. A subset R of a topological space Y is called relatively compact
in Y if its closure R is compact in Y.

Let X be a set and F C YX a set of functions X — Y into a topological space.

Then F is called pointwise relatively compact if the set F(z) e {f(z): f€F}is

relatively compact in Y for each z € X. O

Relative compactness is not a property or R as a sspace in its own right, but
depends on Y as well. Let Y = Q with the natural metric. Then R =|0,1[NQ
is precompact as a metric space but is not relatively compact in Q as its closure
[0,1] N Q in Q is not compact. If, however, ¥ = R in the natural topology, then
10, 1[NQ is relatively compact in Y. A relatively compact subspace of a metric
space is always precompact.
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Lemma 2.31. A pointwise relatively compact subset F C Y X for any set X and
a Hausdorff topological space Y is relatively compact in YX in the topology Op of
pointwise convergence.

Proof . For x € X let K, of F(z). Then [Liex Ko C Y is a compact subspace
of the product space YX by the Tychonov Product Theorem (TPT) 2.14. Now
F(z) C [T,ex Kz and so F C [, ey Ko [T e x Kz since Y is Hausdorff by 1.54
and compact subsets of a Hausdorff space are closed by E2.1(ii). Hence F is
compact since closed subsets of a compact space are compact by 2E.1(i). Thus F
is relatively compact. a

As a corollary of the previous proposition we get

Corollary 2.32. Let X be a compact space, Y a metric space and F an equicon-
tinuous pointwise relatively compact set of functions X — Y. Then (F,9,), that
is, F with the (metric) topology of uniform convergence, is relatively compact.

Proof . Let G be the closure of F in YX for the topology £, of pointwise con-
vergence. By Lemma 2.29, O,|G = O,|G and G is the closure of F in C(X,Y)
in the topology of uniform convergence. By Lemma 2.31, G is compact in Y for
9O, and thus in C(X,Y’) with respect to the topology of uniform convergence. O

In the circumstances of Corollary 2.32, F is, in particular, precompact.

If X and Y are sets then the function ev: Y X x X — Y, ev(f,z) = f(x) is
called the evaluation function. Re call that for a compact space X and a metric
space Y, on C(X,Y) we consider the topology 9, of uniform convergence.

Lemma 2.33. If X is compact and Y is metric, then ev:C(X,Y) x X — Y s
CcontInuous.

Proof . Exercise. d
We retain the hypotheses of 2.33.

Lemma 2.34. If F is a compact subset of C(X,Y), then F is equicontinuous.

Proof . Exercise. O

Exercise E2.10. Prove Lemmas 2.33 and 2.34. [Hint. 2.33: Let f € C(X,Y) and
2z € X and € > 0 Let D be the sup metric of C(X,Y’) and pick an open neighbor-
hood U of z so that f(U) C U./2(f(x)). Nowlet g € C(X,Y) satisfy D(g, f) < &/2
and take v € U. Then dy(f(z),g9(u)) < dy(f(z), f(u)) + dy (f(u),g(u)) <
£/2+¢/2=c. Thus ev(U.o(f) x U) C Uc(f(x)).

2.34: Let ¢ > 0 and « € X be given. By 2.33, for each ¢ € F find a neigh-
borhood W, of g in F and a neighborhood Uy of  in X such that ev(W, x
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Ug) C Uej2(g(w)). Use compactness of F to find a finite set E C F such that
F =U,cg Wy. Set U =(),cg Uy Then U is a neighborhood of z in X. Show
that for every f € F and every u € U we get dy (f(u), f(z)) <e.]

All these pieces of information, taken together lead to the following theorem
which plays an important role in analysis.

Theorem 2.35. (Ascoli Theorem) Let X be a compact space, Y a metric space,
and F C C(X,Y) be a set of continuous functions X — Y. Endow F with the
metric topology of uniform convergence. Then the following statements are equiv-
alent:

(i) F is compact (as a subspace of C(X,Y)).

(ii) F is equicontinuous, pointwise relatively compact, and closed. a

Under the circumstances of an equicontinuous set closedness of F means closed-
ness in either B(X,Y) with respect to uniform convergence or in Y X with respect
to the product topology.

The Ascoli Theorem has variants which generalize what is said in 2.35, but
they are not different in principle. The Ascoli Theorem is the only way to verify
that a space of continuous functions is compact.

Example. Let (E,||-]|) be a Banach space. Let I be a compact real interval,
K > 0 a nonnegative number, and let Fx C C(I, F) be the set of of all differen-
tiable functions such that || f/(¢)|| < K for all f € F. Then Fg is equicontinuous.

Let @ = min/, b = min/, and let 29 € E. Define Fg ,, to be the set of all
[ € Fg satisfying f(a) = zo. Then f(I) C Bgp-a) (f(t)) C Bar(p—a)(T0).

If dim ' < oo then Byg (3—q)(0) is compact, and thus by the Ascoli Theorem,
Fx ., is compact.

This permits a very quick proof of a basic theorem in the theory of ordinary
differential equations stating the existence of local solutions of the initial value

problem u(t) = f(t,u(t)), f(to) = 0.
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Chapter 3
Connectivity

We proceed to further special properties of topological spaces. From basic
analysis we know that, next to compactness, connectivity is another important
property of topological spaces.

A subset S of a topological space X is called open-closed or clopen if it is at
the same time open and closed. The empty set and the whole space are clopen.
[The adjective “clopen” is artificial. It is convenient, but stylistically it is far from
being a brilliant creation.]

We shall say that S is a proper clopen subset if is is a clopen subset which is
neither () nor X.

Definition 3.1. A topological space (X,£) is said to be disconnected, if it has a
proper clopen subset. Otherwise it is called connected. a

That is, X is connected iff ) and X are the only clopen subsets of X.

Exercise E3.1. Let (X, <) be a totally ordered set and consider the order topol-
ogy on it. Prove:

If X has a nonempty subset Y which has an upper bound but does not have a least
upper bound, then X is disconnected.

If X contains two elements a < b such that X = |a U 1b, then X is disconnected.
If S is a clopen subset of X then |.S is clopen.

A subset {a,b} C X of a totally ordered set such that a < band X = |aU1b is
called a gap. We say that a totally ordered set X satisfies the Least Upper Bound
Aziom (LUB for short) if ever nonempty subset which has an upper bound has a
least upper bound.

The set R or real numbers with its natural order satisfies LUB. The set Q of
rational numbers in its natural order does not satisfy LUB. Neither of these totally
ordered sets has gaps. The Cantor set has gaps and satisfies LUB (indeed it is
complete).

Theorem 3.2. For a totally ordered set X, the following two statements are
equivalent:

(1) X is connected.

(2) X satisfies the Least Upper Bound Aziom and has no gaps.

If X is connected and Y C X, then the following statements are equivalent:
(3) Y is connected in the induced topology.
(4) Y is an interval in D.

Finally, (4) implies
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(5) The order topology of X induces on Y the order topology of Y.

Proof . (1)=-(2): Exercise E3.1.

(2)=-(1): Assume that X satisfies the Least Upper Bound Axiom and has no9
gaps. We claim that X is connected and suppose, by way of cfontradiction, that
A be a proper clopen set. Let B= X\ A. W.lo.g. wefindana € Aandabe B
such that @ < b. Since A is open, there is a largest interval I C A with a = minl.

Then s % sup I < b. Since A is closed, s € A. Since A is open, there is a t > s
such that [s,t[€ A. Then [s,t] is a gap. Contradiction.

(4)=(5): If Y is a subset of a totally ordered set (X, <) then the order topology
of Y (generated by the sets Ty\{y} and |y\{y}, y € Y is contained in the topology
induced on Y by the order topology of X (generated by the sets Tz \ {z} and
lz\ {z}, z € X).

Now assume that Y is an interval. In view of the preceding paragraph, we
have to show that Ox|Y C Oy. It suffices to show that for any subbasic set
S =Tz \{z}, lz\ {z}, v € X of Ox we have SNY € Oy. So Let z € X and
S =Tz \{z}. TheneitherzeY orax¢ Y. If x €Y, then, since X is an interval,
SNY = (Tyz\{z} € Oy. If £ ¢ Y, then, again since Y is an interval, either
Y C S (if z is a lower bound of Y), or SNY = { (if z is an upper bound of Y)).
If S is a subbasic downset, the proof is analogous.

(4)=(3). Assume again that Y is an interval. We claim that Y satisfies the
Least Upper Bound Axiom and has no gaps. Solet a € A CY and let b € Y be
an upper bound of A. Then ssup A exists in X since X satisfies the Least Upper
Bound Axiom. As a < s < band Y is an interval, s € Y, and so s is the least
upper bound of A in Y. Secondly, if y <y’ in Y then, since X has no gaps, there
is an € X such that y < z < ¢/; since Y is an interval, x € Y and so {y,y'} is
not a gap in Y. Thus the claim is verified. Now by 3.2.A, Y is connected in its
order topology Oy . Since (4) implies (5), Oy = Ox|Y, and so Y is connected in
the induced topology.

—(4)=-(3). Let Y C X and assume that Y fails to be an interval. Then there
are elements y < x < 3’ such that y,y’ € Y, z € X \Y. Then |zNY is a proper
clopen subset of Y. a

Corollary 3.3. A set of real numbers is connected in the induced topology if and
only if it is an interval.

Proof . Since R satisfies the least upper bound axiom and has no gaps, this is
immediate from Theorem 3.3. a

There is a subtle point concerning the induced and the order topology of a

subset. The subset X [0,1] U]3,4] is disconnected in the induced topology but

is connected in its own order topology. On the subset {0,1} C R, the induced and
the order topology agree.
Recall our convention I = [0, 1].



3. Connectivity 43

Definition 3.4. A topological space is called arcwise connected or path-connected
if for all (x,y) € X x X there is a v € C(I, X) such that v(0) = z and v(1) = y. O

Proposition 3.5. An arcwise connected space is connected. a

Exercise E3.2. Set R" = {r €¢ R: 0 < r}. In R x C consider the following
subspace
gL {(z,2): (BreRNz =", 2=€""")orz=0, |2| = 1}.
Draw a sketch of this set. Prove that it is connected but not arcwise connected.
Prove that R x C has a continuous commutative and associative multiplication
given by
(r,e)(r', ) = (rr',ed),  (r,c), (7',c) € R x C.

A topological space with a continuous associative multiplication is called a topologi-
cal semigroup. If it has an identity, one also calls it a topological monoid.

Show that S is a compact subset satisfying SS C S. Thus S is a compact
topological monoid.

Does it contain a subset which is a topological monoid and a group?

Theorem 3.6. Let f: X — Y be a continuous surjective function between topo-
logical spaces. If X is connected, then Y is connected. If X is arcwise connected,
then Y is arcwise connected. O

One may express this result in the form: A continuous image of a connected
space is connected; a continuus image of an arcwise connected space is arcwise
connected.

Corollary 3.7. A continuous image of a compact connected space is compact and
connected. O

Corollary 3.8. A continuous image of a real interval is arcwise connected. A
continuous image of a compact interval is compact and connected.

In the basic courses on Analysis one learns about the Peano-Hilbrt curve which
is a surjective continuous function f:[0,1] — [0, 1]2.

Corollary 3.9. (The Intermediate Value Theorem of Real Calculus) Let f: [a,b] —
R be a continuous function and f(a) <y < f(b) or f(b) <y < f(a). Then there
is an x € [a,b] such thaty = f(x). O

The Intermediate Value Theorem gives us a solution z of the equation y = f(z)
for given y.

Corollary 3.10. A continuous self-map of [0,1] has a fized point. O
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Lemma 3.11. IfY is a connected subspace of a topological space X, then the
closure Y is connected as well. a

Proposition 3.12. (a) Let X be a topological space. The relation R given by
R={(z,y) € X x X : (Y)Y is a connected subspace of X and z,y € Y}

is an equivalence relation. (b) All cosets R(x) are closed. (¢) The quotient space
X/R is a Ty-space. O

For (b)=-(c) see 1.40.

Definition 3.13. The equivalence relation R of Lemma 3.12 is called the connect-
ity relation, and its equivalence classes are called the connected components or
components of the space X.

Exercise E3.3. Prove the following analog of Proposition 3.13:

Let X be a topological space. Recall that a curve from p to q in a topological space
X is a continuous function f:1— X, T=[0,1] such that f(0) = p and f(1) = q.
The relation Ra.. on X given by

Rare = {(z,y) € X x X : there is a curve from x to y}
is an equivalence relation.

Give an example of a space such that the equivalence classes of this relation
fail to be closed.

Each connected component of a space is the intersection of its open neighbor-
hoods: Indeed, if y ¢ R(z) then R(y) N R(z) = 0, and thus R(z) is the intersection
of the open sets X \ R(y), y € X \ R(z).

Definition 3.14. A topological space in which all components are singletons is
called totally disconnected.

Exercise E3.4. (i) Show that every discrete space is totally disconnected.
(ii) Show that the space of rational numbers, the space of irrational numbers,
the Cantor set are all totally disconnected but nondiscrete spaces.

Theorem 3.15. (i) If A is a connected subspace of a space X and {B; : j € J}
is a family of connected subspaces of a topological space X such that AN B; # 0
forall j € J, then AU UjeJ B; is connected.

(i) Let {X; : j € J} be a family of topological spaces and let X def [LiesX;
be its product. If all X; are connected, respectively, arcwise connected, then X is
connected, respectively, arcwise connected.

(ili) For any family of topological spaces {X; : j € J}, if R is the connectivity

relation of X def HjeJ X and R; the connectivity relation of X; for j € J, then

R={((x))jers: (yj)jes) : (Vj € J) (x5,y;) € R;}.
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Equivalently, R((l’j)je]) = HjeJ R(x;) for allj € J.
(iv) If all X; are totally disconnected, then X is totally disconnected. a

The proof of (ii) is easy for arc connectivity, but is less obvious for connectivity.

Lemma 3.16. If X is a space such that for each pair x,y € X of different points
there is a clopen subset U with x € U and y ¢ U, then X is totally disconnected.0

Proposition 3.17. Let R be the connectivity relation on X. Then X/R is totally
disconnected Ty -space.

Proof . If U and V are open and UUV = X and U NV = 0, then any R-
class is entirely contained in either U or V. Hence U and V are R-saturated,
i.e. are unions of R-equivalence classes. Thus by the definition of the quotient
topology, the sets U/R and V/R are open; morover, X/R = (U/R) U (V/R)
and (U/R) N (V/R) = (. Suppose that C is a component of X/R. Then we
consider X’ = JC (i.e., X' = ¢5'(C) where gg: X — X/R is the quotient map.
Then R < RN (X’ x X') is the connectivity relation of X’ and C = X'/R’.
By replacing X by X’ and renaming, if necessary, let us assume that X/R is
connected. We claim that X/R is singleton, i.e. that X is connected. So let
X =UUV,UNV = 0 for open subsets U and V of X. By what we have seen this
implies X/R = (U/R) U (V/R) and (U/R) N (V/R) = 0. Since X/R is connected,
one of U/R or V/R is empty. Hence one of U and V is empty, showing that X is
connected.

This shows that X/R is totally disconnected. Since all connected components
R(x) are closed by 3.12, the singletons in X/R are closed by the definition of the
quotient topology. Hence X /R satisfies the Frechet separation axiom T. a

Recall I = [0,1] and let S = {0} U{% : n € N} with the topology induced from
that of of R and set X = (S x I)\ ({0}x]0,1[ with the topology induced from
that of R2. Let R be the connectivity relation on X. Then T e x /R is a totally

disconnected compact Ti-space which is not Hausdorff. Each equivalence class of
R is closed, but R C X x X is not closed.

Proposition 3.18. Any continuous function f: X — Y into a totally disconnected
space factors through qr: X — X/R where R is the connectivity relation on X.
That is, there is a continuous function ¢: X/R — Y such that f = poqg.

Proof . If z € X then the image f(R(z)) of the component R(z) of x is connected
by 3.6. On the other hand, as a subspace of the totally disconnected space Y
it is totally disconnected. Hence it is singleton. Set p(R(z)) = f(z). If V is
open in Y, then ¢z' (¢~ *(V)) = f~}(U) is an open R-saturated set. But then
¢ HU) = qr(f~'(U)) is open by the definition of the quotient topology. Thus ¢
is continuous. a
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Corollary 3.19. For a topological space X the following conditions are equivalent:
(i) X is a connected.
(ii) All continuous functions f: X — Y into a totally disconnected space are
constant.

Proof . Let R be the connectivity relation on X and ggr: X — X/R the quotient
map.

(i)=(ii): Every continuous function f: X — Y into a totally disconnected space
Y factors through gr: X — X/R by 3.18. But since X is connected by (i), X/R
is singleton, and thus f is constant.

(i)=(i): ¢: X — X/R is a continuous surjective function into a totally discon-
nected space by 3.17; since such a function is constant by (ii), X/R is singleton.
i.e. X is connected. O

We saw that a connected component C of a space X does have clopen neigh-
borhoods. It is not true in general that C' is the intersection of all of its clopen
neighborhoods.

Proposition 3.20. For an arbitrary topological space X with connectivity relation
R, the following conditions are equivalent:

(i) Every component is the intersection of its clopen meighborhoods.

(ii) X/R is a totally disconnected Hausdorff space in which every singleton is
the intersection of its clopen neighborhoods. a

The best situation prevails for compact spaces. We discuss this now; but we
need a bit of preparation.

Lemma 3.21. (A. D. Wallace’s Lemma) Let A be a compact subspace of X and
B a compact subspace of Y, and assume that there is an open subset U of X XY
containing A X B. Then there are open neighborhoods V of A in X and W of B
'Y such that V. x W CU. O

[See Exercise Sheet no 12, Exercise 4 with hints.]

Lemma 3.22. (Normality Lemma) Let A and B be two disjoint compact subsets
of a Hausdorff space X. Then there are two disjoint open neighborhoods of A and
B, respectively.

[See Exercise Sheet no 12, Exercise 5 with hints.]

In fact the Normality Lemma shows that A and B have disjoint closed neigh-
borhoods: Let U and V' be open neighborhoods of A and B, respectively. Then
UNV = since X \ V is a closed set containing U. Now apply the Normality
Lemma to U and B and find disjoint open sets P and @ such that U C P and
B C Q. Now QNU = (). Hence U and Q are two disjoint closed neighborhoods of
A and B, respectively.
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Lemma 3.23. (Filter Basis Lemma). Let B be a filter basis of closed subsets
in a space and assume that B has a a compact member B. If U is an open set
containing (B, then there is a C' € B such that C C U.

In particular, a filter basis of closed sets in a compact Hausdorff space converges

to x iff B = {z}.

[Hint. Suppose not, then {C' \ U : C € B} is a filter basis of closed sets, whose
members are eventually contained in the compact space B, hence there is an
element b € (e C \U. Then b e (NB) \ U =0, a contradiction.]

The Filter Basis Lemma allows us to formulate 3.20 for compact Hausdorff
spaces in a sharper form

Proposition 3.20’. For a compact Hausdorff space X with connectivity relation
R the following conditions are equivalent:

(i) Every component has a basis of clopen neighborhoods.

(ii) X/R is a totally disconnected Hausdorff space in which every singleton is
the intersection of its clopen neighborhoods. a

If U is a clopen subset of a space X, then U and X \ U are the classes of an
equivalence relation with open cosets. The intersection of any family of equivalence
classes is an equivalence class; a finite collection of open closed sets thus gives rise to
a finite decomposition of the space into finitely many clopen sets. An equivalence
relation with clopen classes on a compact space has finitely many classes.

Definition 3.24. An equivalence relation R on a topological space is open if R is
open as a subset of X x X.

Remark 3.25. The connectivity relation is contained in all open equivalence
relations. O

Proposition 3.26. Let R be an equivalence relation on a space X. Then the
following conditions are equivalent:

(i) All equivalence classes are open.
(ii) R is open in X x X.
(iii) The quotient space X/R is discrete.
(iv) All components are clopen.

Proof . (i)« (ii): For every equivalence relation R we have R = |, x R(z) x R(x).
If each R(x) is open in X, then each R(x) x R(z) is open in X x X and vice versa.

(i)=(iii): If R(x) is open in X, then by the definition of the quotient topology,
the singleton set {R(z)} is open in X/R.

(iii)=-(iv): In a discrete space every subset is clopen, so {R(x)} is clopen in
X/R and thus R(x) is clopen by the continuity of the quotient map.

(iv)=-(i) is trivial. O
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Notice that for a compact space X, the component space X/R is a compact
totally disconnected Hausdorff space regardless of any separation property of X.

Lemma 3.27. On a topological space X, the following conditions are equivalent:
(i) The connectivity relation is the intersection of all open equivalence relation.
(ii) Every component is the intersection of its clopen neighborhoods.

Proof . Exercise. d

[Hint for (ii)=-(i): If U is a clopen subset of X, then U and X \ U are the
two classes of an open equivalence relation y. If (z,y) ¢ R, let U be clopen
neighborhood of R(a) not containing b (by (ii)). Then (a,b) ¢ Ry .]

If A, B C X x X are binary relations on X, then

AoBY {(z,2): Gy e X)(z,y) € A and (y,2) € B}.
Note that Ao A C A means that A is transitive.

Exercise E3.5. Show that
on a compact Hausdorff space the relation product A o B of two closed binary
relations is closed.

A space X is a Hausdorff space iff the diagonal is closed. Then by the Normality
Lemma, A has a basis of closed neighborhoods.

Exercise E3.6. Show that
on a compact Hausdorff space every neighborhood U of the diagonal A of X x X
contains a neighborhood W of A such that W oW C U.

[Hint. Suppose that U is an open member of LI(A), the set of neighborhoods
of the diagonal A in X x X such that W oW & U for all W € {(A). Then
{WoW)\U : W =W € U(A)} is a filter basis of closed sets on the compact
space (X x X)\ U. Let (z,y) be in the intersection of this filterbasis. Then, on
the one hand, (x,y) € A, i.e. x =y and one the other (z,y) ¢ U]

Theorem 3.28. Let X by a compact Hausdorff space. Then every component has
a neighborhood basis of clopen subsets.

Proof . Let X by a compact Hausdorff space. Then every component has a
neighborhood basis of clopen subsets.

Proof . Let U be a neighborhood of the diagonal A in X x X. By replacing U
by {(u,v) : (u,v), (v,u) € U} if necessary, we may assume that U is symmetric.
We define Ry to be the set of all pairs (z,y) such that there is a finite sequence
Ty =T,%1,...,%T, =y such that (z;_1,2;) € U; we shall call such a sequence a U-
chain. Then Ry is reflexive, symmetric, and transitive. Hence Ry is an equivalence
relation. Write U(z) = {u € X : (x,u) € U}. Then U(x) is a neighborhood of z.
Since U(2’) C Ry(z) for each 2’ € Ry(x), the relation Ry is open and therefore
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closed as the complement of all other equivalence classes. Let S be the intersection
of the clopen equivalence relations Ry as U ranges through the filterbasis 5(A) of
symmetric neighborhoods of A. Then S is an equivalence relation and S is closed
in X x X. Then for each x € X, every pair of elements in S(z) is Ry-equivalent
for all U € U (A). Let R denote the connectivity relation on X and set C' = S(x).
The component R(x) of z is contained in C. We aim to show that C is connected.
Then C' = R(z) for all z and thus R = 5. So R(z) = ey, (a) Bu(z), and then,
by the Filter Basis Lemma, the sets Ry (z) form a basis of the neighborhoods of
C = R(z). This will complete the proof.

Now suppose that C is not connected. Then C = C,UC, with the disjoint
nonempty closed subsets of C'. We claim that there is an open symmetric neigh-
borhood U € 4(A) of the diagonal A in X x X such that the set U(C1) N Cy is
empty. [It suffices to show that every open neighborhood W of a compact subset
K of X contains one of the form U(K). Proof by contradiction: If not, then for all
open neighborhoods U of the diagonal in X x X, U(K)N (X \ W) is not empty and
the collection of sets U(K) N (X \ W) is a filterbasis on the compact space X \ W.
Let z be in the intersection of the closures of the sets in this filterbasis. Since X
is Hausdorff, the diagonal is closed in X x X and by the Normality Lemma is the
intersection of its closed neighborhoods. Thus z in the intersection of all U(K) for
all closed U and this is K. Thus z € K \ W = ), a contradiction!]

Recall that for two subsets A, B C X x X weset AoB ={z,2) € XxX:(Jy €
X) (z,y) € A and (y,z) € B}. Now assume that W is an open neighborhood of
the diagonal such that WoW oW C U. and set D = X \ (W (Cy) UW(C5)). Now
let Ve U(A), V.C W. By replacing V by {(u,v) : (u,v), (v,u) € V} if necessary,
we may assume that V' is symmetric.

If x € Cy and ¢z € Cy, then (z,¢3) € Ry since C' € Ry (x). Now any V-chain
T = Xg,T1,-..,Ty = Co has at least one element in D. Thus Ry (z) N D # (.
Thus the Ry (xz) N D form a filterbasis on the compact space D. Let y be in its
intersection. Then y € (N cy (o) RBv(z) = C and y € D, whence y € CND = 0:
a contradiction. This shows that C is connected as asserted and completes the
proof. O

The preceding theorem shows that
the connectivity relation R is the intersection of open equivalence relations.
In Theorem 3.28, compactness is sufficient, but it is not necessary.

Exercise E3.7. Show that in the space Q in its order topology every point has a
basis of clopen neighborhoods. a

Corollary 3.28. In a compact totally disconnected space, every point has a a
neighborhood basis of clopen sets. a

Quite generally, a space is clalled zero-dimensional if for all of its elements z,
the neighborhood filter #(x) has a basis of clopen sets.
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Thus a compact Hausdorff spaces is zero-dimensional iff it is totally discon-
nected.
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Chapter 4
Covering Spaces and Maps

Definition 4.1. A function f: X — Y is called a covering map or simply a
covering if Y has an open cover {U; | j € J} such that for each j € J there is a
nonempty discrete space F; and a homeomorphism h;: F; x U; — f~1(U;) such
that the following diagram commutes:

h;
FjxU; ————— f71(U))

| [
U, U;.

idy,
Uj

We will briefly say that f~!(U;) is compatibly homeomorphic to F; x U;. We call
F} the fiber over U; and Y the base space of the covering.

A function f: X — Y between topological spaces is said to induce a local
homeomorphism at x if there are open neighborhoods U of z in X and V of
f(x) in Y such that f|U:U — V is a homeomorphism. It is said to induce local
homeomorphisms if it induces local homeomorphisms at all points. (Many authors
say in these circumstances that f is a local homeomorphism.) a

Local homeomorphisms are clearly continuous and open; thus a covering is
always a continuous and open map.

Remark 4.2. Every covering induces local homeomorphisms. The converse fails
in general. a

The assertions in the following examples are left as an exercise.

A topological group G is a topological space and a group such that multipli-
cation (z,y) — zy : G x G — G and inversion z — x~1:G — G are continuous
functions. The additive group R and the multiplicative group C\ {0}, and indeed

all matrix groups are topological groups.

Examples 4.3. (i) Let G be a topological group and H a discrete subgroup. Let
G/ H denote the space of all cosets gH, g € G endowed with the quotient topology
and let p: G — G/H, p(g) = gH be the quotient map. Then p is a covering.

(ii) If f:G — H is a continuous homomorphism of topological groups then f
is a covering if and only if the following conditions are satisfied:
(a) ker f is discrete.
(b) f is open.
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(c) f is surjective.

(iii) Let (g,z) — g-x : G x X — X be an action of a finite discrete group G on
a Hausdorff space such that all x — ¢-z are continuous and that the action is free,
i.e. that g-o = x implies g = 1. Then the orbit map ¢: X — X/G ={G-z |z € X}
is a covering when X/G is given the quotient topology.

(iv) By (i), the homomorphism p:R — T = R/Z, p(r) = r + Z is a covering,.
Its restriction to ]O, 1%[ induces local homeomorphisms but is not a covering. O

Exercise E4.1. Verify the claims of Examples 4.3.

[Hint for (iii). Let z € X. Find an open neighborhood U of = in X such that
(Vg € G\ {1}) g-UNU = ); indeed if that were not possible, then for each U there
would be zy, yy € U and a gy € G such that gy-xy = yy. Since G is finite, we
may assume that for a basis of neighborhoods V' of z we have gy = g € G\ {1}.
But zy, yv — z; thus g-x = x by the continuity of z — ¢-z; a contradiction to
the freeness of the action. Now the function (g,u) — G x U — G-U = ¢ 1q(U) is
a homeomorphism.| O

One can construct new coverings from given ones as the following proposition
shows.

Proposition 4.4. (i) If fj:X; — Y;, j = 1,2 are coverings, then fi X fa:
X1 x Xo — Y1 x Yy is a covering. In short: Finite products of coverings are
coverings.

(ii) If p: E — B is a covering, f: X — B any continuous function, and if
e

P E
al |
X ———— B

f

is a pullback diagram (i.e. P = {(z,e) € X x E | f(z) = ple)}, f*(z,e) = e,
p*(x,e) = x), then p*: P — X is a covering. In short: Pullbacks of coverings are
coverings.

(iii) If f: X — Y isa covering and Y’ C Y, then f: X’ — Y” is a covering where
X' = f~1(Y’) and f' = f|X'. In short: Restrictions of coverings are coverings.

(iv) Assume that p: E — B is a covering, B is connected, and that B admits
a cover of connected open sets Uj, j € J such that p~1(U;) is compatibly homeo-
morphic to F' x U;. Then for every connected component E’ of E the restriction
p|E": E' — B is a covering.

Proof . The proofs are largely straightforward from the definition of a covering:

(i) Assume that {U; | j € J} is an open cover of Y; such that for each j € J,
the space p~*(U;) is compatibly homeomorphic to F; x U;, and {Vj, | k € K} is an
open cover of Y5 such that f ! (Vi) is compatibly homeomorphic to Gy X Vi.. Then
{U; x Vi | (j, k) € Jx K} is an open cover of Y X Y such that (f1 x f2) =1 (U; x V)
is compatibly homeomorphic to (F; x G) x (U; x Vi).
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(ii) Assume that {U; | j € J} is an open cover of B such that for each j € J, the
space f; '(U;) is compatibly homeomorphic to F; x U;. Then {f~*(U;) | j € J}
is an open cover of X such that for each j the space (p*)~!(f~*(U;)) = {(z,e) €
X x E| f(z) = p(e) € U;} is compatibly homeomorphic to F; x f~(U;).

In fact this proof shows that in pullbacks the fibers are pulled back.

The proof of (iii) is quite straightforward.

(iv) For each j € J there is a homeomorphism h;: F; x U; — p~1(U;) such
that phj(z,u) = u. We consider e € p~'(U;) N E’. Then h;(z,p(e)) = e for
some x € Fj, and h;({z} x Uj;) is a connected open subset of E containing e.
Hence it is contained in E’. If we set F] = {z € F; | hj({z} x U;) # 0}, then
(p|E)~"(U;) = p~"(U;) N E' is compatibly homeomorphic to Fj x Uj. O

Even though in the context of topological groups the great generality in which
coverings are defined is justified, the most viable context is that of connected spaces
and of pointed spaces. A pointed space is a pair (X, z) of a space and a base point
x € X; a morphism of pointed spaces f:(X,xz) — (Y,y) is a continuous function
f: X — Y such that f(z) =y. It is also called a base point preserving continuous
map. Often pointed spaces occur quite naturally; e.g. all topological groups have
their identity as a natural base point, and homomorphisms are automatically base
point preserving.

A covering of pointed spaces is a covering between pointed spaces which is base
point preserving.

If p: (E,e) — (B,b) is a covering of pointed spaces and f:(X,z) — (B,b) is
a morphism of pointed spaces, then a function F: X — E is called a lifting of f
across p if it is a morphism of pointed spaces and f =po F.

(X,2) —T—  (E,e)

ax | E

(X, x) (B,b).

Proposition 4.5. (i) Assume that X is a connected space, xo € X and that
v, ¥: X =Y are continuous functions such that (x9) = ¥(xo). Assume further
that for some continuous function p:Y — Z which induces local homeomorphisms
the compositions p o @ and p o agree. Then ¢ = 1.

(ii) A lifting of a morphism f of pointed spaces across a covering of pointed
spaces is unique if the domain of f is connected. a

Exercise E4.2. Prove Proposition 4.5.

[Hint. (i) Define X’ = {2’ € X | p(2') = ¥(2’)}. Since all spaces considered are
assumed to be Hausdorff spaces, X’ is closed. Note that o € X’ and prove that
X’ is open in X using the fact that p induces local homeomorphisms. Use the
connectivity of X to conclude the assertion. Derive (ii) from (i).] O
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Definition 4.6. (Defining Simple Connectivity) A topological space X is called
simply connected if it is connected and has the following universal property: For
any covering map p: ' — B between topological spaces, any point ey € E and
any continuous function f: X — B with p(eg) = f(zo) for some xg € X there is a

continuous map f:X — FE such that po f = f and f(xo) = eg.

X f

E
idxl lp
B.

X ——mMmM—

f

The lifting £, if it exists, is automatically unique by 4.5(ii).

The definition we give is particularly useful in the context of topological groups
and transformation groups because it specifies directly the property one uses most
often. It is noteworthy that it does not depend on arcwise connectedness.

The conventional definition in the context of arcwise connected spaces is more
geometric but coincides on this class of spaces with our definition. We shall deal
with the equivalence of the two concepts for arcwise connected pointed spaces in
Proposition 4.10 and Exercise E4.6 below.

One notices that Definition 4.6 is best phrased in terms of the category of
pointed topological spaces and base point preserving continuous maps. Then it
simply says that a pointed space is simply connected if any morphism into the base
space of a covering lifts across the covering. In this category, simply connected
spaces are, for those who know category theoretical elementary concepts, exactly
the connected relative projectives with respect to the class of epics containing
exactly the coverings.

Notice also that the definition of a simply connected pointed space (X, z¢) can
also be expressed as follows.

Whenever =
(P.po) —— (E.e)

| |
(X)) ———— (BY)
is a pullback, then there is a subspace (P’,pg) of (P, pg) such that w|(P’,pg) is
bijective. Indeed, this restriction being a covering by 4.4.(ii), (iii), its inversion is
continuous and gives rise to the required lifting; the necessity is clear.
This raises at once the question of the existence of simply connected spaces.
We shall first give examples and later exhibit a far ranging existence theorem.

Example 4.7. Assume that X is a totally ordered space, i.e. a set with a total

order and a topology generated by the set of all open intervals ]a,b] def {z €
X | a < x < b}, and assume that X is connected. Then X is simply connected.
Examples are the space of real numbers and all of its intervals. a

Exercise E4.3. Prove the claim in Example 4.7.
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[Hint. Let 9 € X and f: X — B a continuous map for a covering p: £ — B
and let eg € E be such that p(eg) = f(zo). Let U be the set of all functions
p:U — E such that U is an open interval of X with z € U and that ¢(z¢) = eg
and p(p(u)) = f(u) for u € U. Consider an open neighborhood V of f(z) and
a discrete set F' and a homeomorphism h: F x V — E such that imh = p=1(V)
and p(h(y, v)) =wv. Let h(yo, f(xo)) = eg. There is an open interval U around x
in X with f(U) C V and define ¢:U — E by ¢(u) = h(yo, f(u)). Verify ¢ € U.
Show that ¢ is inductive with respect to extension of functions as partial order.
Let f: W — FE be a maximal element in U/ using Zorn’s Lemma. Finish the proof
by showing that W = X; if not then there is an z € X with u < z (say) and
x g W. Set Wy ={zx € X | (Fwe W)z < w}. Since W is open, so is Wj. Set
Wy={zeX|(VweW)w < z}. For z € W5 use the covering property around
f(z) € B to show that there is a whole neighborhood of x contained in Ws. Thus
W5 is open. Show that X = W; U W5 and note that this is a contradiction to the
connectivity of X.] O

Proposition 4.8. (i) Assume that (X,xq) and (Y,yo) are simply connected
pointed spaces and that p: (E,e) — (B,b) is a covering. Let f: (X xY, (xo,yo)) —
(B, b) be a morphism of pointed spaces. Then f has a lifting ]? (X xY, (xo, yo)) —
(E,e) across p.

(ii) If X and Y are simply connected, then X x Y is simply connected.

(iii) All spaces R™, [0,1]™ (i.e. all open and all closed n-cells), n € N, are simply
connected.

(iv) Each retract of a simply connected space is simply connected. In particular,
if a product of spaces is simply connected, then each factor is simply connected.

Proof . Exercise E4.4. a

Exercise E4.4. Prove Proposition 4.8.
[Hint. (i) Assume that

(P, po) (Ee)
d |7

(X % Y. (x0,0)) (B.D)

be a pullback; i.e. P = {(z,y,2) € X XY x E | f(z,y) = p(2)}, po = (20, %0, €),
m(x,y,2) = (x,y) and F(z,y, z) = z. The restriction of f to X x {yo} lifts across p
to a function ¢: (X, zo) — (E,€) so that (x,y0,¢(z)) € P. Then the restriction of
f to {z} x Y lifts to a function ¢,: (Y,y0) — (E, ¢(x)) so that (z,y,vs(y)) € P.
Now the restriction 7/ of  to P’ %' {(z,y,¥(y)) € P| (z,y) € XxY} is bijective.
If ¢ is the inclusion of P’ into P, then fdéf vor L (X XY, (z0,50)) — (E,e) is
the required lifting.
(ii) is a consequence of (i) and (ii) implies (iii).
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(iv) Let X CY and Y — X be a retraction. If p: E — B is a covering and
f: X — B a continuous function, then fp:Y — B has a lifting F:Y — E. Then
F|X: X — FE is the required lifting of f.] O

Proposition 4.9. For a connected space X, the following statements are equiva-
lent:

(i) X is simply connected.
(ii) Whenever f: E — X is a covering and Ej is a connected component of F, then
f|Eo: Eg — X is a homeomorphism.

Proof . (i)=(ii) Let f: E — X be a covering and assume (i). Pick eg € Ey and
set o = f(ep). Then the identity map ¢: X — X has a lifting i: X — E such that
fG(xo)) = 9 and foi=1i. We claim that the image i(X) is open in E. Indeed
let z € X and find an open neighborhood U of z in X such that for some discrete
set F and some homeomorphism h: F' x U — f~1(U) we have f(h(y,u)) = u. Let

h(yo,z) = i(z). Then W of h({yo} x U) is an open neighborhood of i(z). Since

i is continuous there is an open neighborhood V of = in U such that (V) C W.
Since f|W:W — U is a homeomorphism, 7(V) is a neighborhood of 7(x). Hence
W and thus 7(X) is a neighborhood of i(x). Now io f: E — E is a retraction with
image i(X) and the image of retractions in Hausdorff spaces are closed, i(X) is a
connected open closed subset of E containing eg. It therefore agrees with Ey and
the assertion follows.

(il)=>(1) Assume (ii) and consider a covering p: E — B and a continuous
function f: X — B such that f(xq) = p(ep) for suitable (xg,e0) € X x E. Now we
consider the pullback

7| K

X B.

f
Let pg € P denote the unique point with p*(pg) = zo and f*(po) = eg. Then
p* is a covering by 4.3.(ii). Let Py denote the component of py in P. Then by
(ii) the restriction p*|Py: Py — X is a homeomorphism. Denote the inclusion
map Py — P by j and set fdﬁf f*ojo(®|P)': X — E. Then f(zg) =

F*(po) = eg and po f =po f*ojo (p|P)~t = fop*ojo (p|P) ' = f. This
completes the proof. O

Sometimes simple connectivity is defined by condition (ii).

We say that two continuous functions f, g: (X, z9) — (Y, yo) of pointed spaces
are homotopic if there is a continuous function H:[0,1] x X — Y such that
H(0,z) = f(z), H(t,zo) = yo and H(1,z) = g(x) for all t € [0,1] and = € X. Let
I denote the pointed unit interval ([0,1],0). A continuous function f:(S!,1) —
(Y, yo) is called a loop at yo. It is said to be contractible, if it is homotopic to the
constant morphism of pointed spaces. We note that the contractibility of loops
in X at zg is the same as saying that every continuous function 9D — X from
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the boundary of the unit square D = [0,1]? into X (mapping (0,0) to o) ex-
tends to a continuous function D — X, and that, in turn, means that two paths
a, 3:1 — (X, xp) starting at zg and ending at the same point a(1) = £(1) are
homotopic. Homotopy is an equivalence relation on the set Cy(X,Y) of base point
preserving functions from a pointed space X to a pointed space Y.

For each point z in an arcwise connected pointed space (X, xo) we associate a
discrete set F'(x), namely the set of homotopy classes [a] of arcs a: T — X from
20 = a(0) to = a(1). Write X = U.ex F(7) and set p: X — X, p([a]) = a(z).
Now assume that X has an open cover {U; | j € J} such that each U; is arcwise

connected and every loop in every Uj; is contractible; we call such spaces locally

arcwise simply connected. For each j € J pick a u; € U;. For each f = [a] € F; o

F(u;) and uw € U; we connect u; and u by an arc € in U;. Every other arc from
u; to u is homotopic to € by assumption on U;. Let 8 denote the arc obtained
by going from x to u; by « and from u; to u by e. Write h;(f,u) = [8] € F(u).
Then p(h;(f,u)) = u. Thus h;: F; x U; — p~*(U;) is a well-defined function. If
[v] € p~1(U;), then u = p([y]) = 7(1) and there is an arc n in U; from u to u;,
unique up to homotopy. The arc § is obtained by going from x( to u by v and from

u — u;j by . Then f o [6] is an element of F'(u;) = f;, and (f,u) = h~'(u). Thus
h; is bijective. There is a unique topology on X which induces on pil(Uj) that
topology which makes h;: F; x U; — p~*(U;) a homeomorphism. Then p: XX
is a covering map.

Proposition 4.10. For an arcwise connected locally arcwise connected pointed
Hausdorff space (X, xq) consider the following conditions:

(i) All loops at x( are contractible.

(ii) (X, o) is simply connected.

Then (i) implies (ii). If X is also locally arcwise simply connected, then both
conditions are equivalent.

Proof . (1)=(ii) Let p:(E,e) — (X,z0) be a covering which we assume to be
connected by 4.4(iv). By the simple connectivity of I, every arc a: I — (X, x¢) lifts
to a unique arc a:I — (E, e), and by the simple connectivity of D, homotopic arcs
lift to homotopic arcs. Define o: (X, x0) — (F,e) by o(z) = a(1) for any member
« of the class of homotopic arcs from z¢ to . Then po(z) = pa(l) = a(l) = =.
Let {U; | j € J} be an open cover of X consisting of arcwise connected open
sets such that for each U; there is a discrete space F; and a homeomorphism
hj: F; x U; — p~*(U;) such that p(h;(f,u)) = u for all (f,u) € F; x U;. Let
x € U;. Elements y nearby in U; can be reached by a small arc € from z to y,
giving an arc via « from xy to z and from there to y; call this arc 3. There is
a unique f € F; such that h;(f, a(z)) = a(z) = o(z). Then t — h;(f,e(t)) is a
small arc in h;({f} x U;) from o(x) to a unique point in the set above y, which is
necessarily the endpoint of 3. This point is o(y). It follows that o(u) = hj(f,w) for
u € Uj. In particular, o is continuous, induces local homeomorphisms, and satisfies



58 4. Covering Spaces and Maps

po = idx. Then o(X) is an open subspace of E such that for all j € J the relation
hi({f} xU;)No(X) # 0 implies h;({f} x U;) € o(X). Hence plo(X):0(X) — X
is a covering map and the complement of ¢(X) in E is open, too. Since E is
connected, o(X) = E. Then o = p~!. That is, p is a homeomorphism. Then X is
simply connected by 4.9.

(ii)=(1) Let p: X — X be the covering constructed in the paragraph pre-
ceding the proposition. Since X is simply connected, p is bijective by 4.9. By
the definition of X this means that two arcs linking zo with a point z in X are
homotopic, and this is equivalent to (i). a

Example 4.11. (i) All continuous functions f: (X, x¢) — (C,cy) preserving base
points into a convex subset C of any real topological vector space E are con-
tractible. Hence all convex subsets of any real topological vector space are simply
connected.

(ii) All spheres S™ are simply connected spaces with the exception of the zero-
and one-dimensional ones. In particular S* 2 SU(3) is a simply connected compact
topological group.

(iii) Let {S; | j € J} be a family of simply connected, arcwise connected, locally
arcwise connected and locally arcwise simply connected pointed spaces. Then the
product space [ jed S; is simply connected.

Proof . Exercise E4.5. O

Exercise E4.5. Prove the assertions of the examples in 4.11.

[Hint. (i) Work with the function H(r,z) = (1 —r)-f(x) + r-co.

(ii) Show that in all spheres of dimension 2 or more each loop is contractible.
Observe that S fails to be connected. Show that for the covering p: R — S!, p(t) =
e’ the identity map f: S! — S! does not lift to a continuous function ]7 St — R; if
it did, the map f and then f would be contractible, but the coextension f:S! —
C\ {0} has winding number one, and contractible loops in C \ {0} would have
winding number 0. (A little elementary complex analysis is used here!)

(iii) The product S =[] jes S is arcwise and locally arcwise connected by the
definition of the product topology. If a: S* — S is a loop, then a(t) = («; (t))jeJ
and a;:S* — S; is a loop in S;. Then by 4.10, since A; is simply connected,
there is continuous extension A;:ID — S; to the complex unit disc D. Then
A:D — S, A(t) = (4 (t))jeJ is a continuous extension of . Hence every loop in

S is contractible and thus S is simply connected by 4.10.] O

In the Definition 4.1 of a covering, the open cover {U; : j € J} plays a somewhat
volatile role; there is however, a class of spaces in which such a cover may be chosen
in a canonical fashion. Indeed, a space X will be called locally simply connected if
the set S(X) of simply connected open subsets of X covers X. (In the constructions
of 4.10 we have used a similar hypothesis.)
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Lemma 4.12. Let X be a locally simply connected space. Then for each covering
p: B — X there is a family (Fs)ses(x) of discrete spaces and a family of home-
omorphisms (hs)ses(x), hs: Fs x S — F~Y(S) such that f(hs(y,s)) = s for all
seSs.

Proof . Let S € S(X). The restriction f|f~1(S) : f~1(S) — S is a covering by
4.4(iii). Let Fs denote the set of connected components of f~1(S). By 4.9 each
restriction f|T:T — S for T € Fg is a homeomorphism. Define hg: Fg x S —
F7H(8) by hs(T,s) = (fIT)~'(s). Then f(hs(T,s)) = f((fIT)"'(s)) = s. O

We fix a connected and locally simply connected space X and consider the
class C(X) of all coverings p: E — X, denoted (F,p), together with the maps
f:Ex — Ej for objects (Ej,p;), j = 1, 2 satisfying ps o f = p1. This class forms a
category with these maps as morphisms f: (F1,p1) — (Fa2,p2).

We assume that X is connected and consider the subclass Co(X) of connected
coverings (meaning, of course those coverings (F,p) for which F is connected. We
claim that there is an upper bound to the cardinality of F depending on X only.
We define an equivalence relation R on E consisting of all pairs (z,y) € E x E
such that there is a finite sequence of open subsets Uy, ...,U, in F such that
(i) p(U;) e S(X) for j=1,...,n,

(i) U;—1NU; +0,5=2,...,n,
(iii) z € Uy and y € U,.

Undoubtedly R is an equivalence relation, and obviously its cosets are all open.
But each coset of an equivalence relation whose cosets are open is closed (as the
complement of the union of all the other cosets). Since F is connected, there is
only one equivalence class. At this point we pass to pointed spaces and fix an
xo9 € X and consider each covering (E,p) of X to be equipped with a base point
eo € F such that p(eg) = xg. For each x we find a chain Uy, ..., U, satisfying (i),
(ii) and

(iii)o e € Uy and x € U,.

Then we set V; def p(U;), 7 =1,...,n and notice

(a) V;eS(X) forj=1,...,n,
(b) ‘/j—lm‘/j #®7j227"'an,
(¢) zo € V1 and p(z) € V.

We observe that every such chain V; and every choice of an element y € V,
gives rise to only one lifting to a chain of sets U; satisfying (i), (ii), and (iii) and
the selection of exactly one = € U, such that p(z) = y. The cardinality of the
set of all finite chains Vj is not bigger than the cardinality of finite sequences of
the infinite set of all subsets of X and is therefore not bigger than 2¢#*4(X)  The
function assigning to (V1,...,Vy;y) where (Vi,...,V,,) satisfies (a), (b), and (c)
and y € V, the unique = € U,, with the unique lifting (Uy,...,U,) and f(z) =y
is surjective. Hence

card E < card(X)-202rd(X) — geard(X),
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It follows that there is a set J of coverings ((E,eo),p)) of (X, zo) with a con-
nected covering space F such that every isomorphy class of C(X) contains exactly
one member of J, and we may assume that (X,idx) is one of them. We say that
a covering j; = ((El,elo),pl) is above a covering jy = ((Eg,ego,pg) iff there is
a morphism of coverings of pointed spaces f:j; — j2 and write jo < j;. Since a
base point preserving morphism is a lifting of the base point preserving covering
p1: E1 — X, it is unique by Proposition 4.5(ii). Hence J is a partially ordered set
with respect to the “above” relation. Due to the pullback construction in 2.4(ii)
this partially ordered set is directed, since for any two coverings there will be one
which is above the two. _

We propose to show that J contains a maximal element (X, p) which is above
all others. If there is such an element then X will be simply connected by Propo-
sition 4.9, and up to isomorphisms of coverings, it will be unique.

Definition 4.13. A covering ()?,]3'), 7 X — X is called a universal covering if X
is simply connected. a

As an example consider the one-sphere S!'. We take 2o = 1 as base point.
Among the coverings we have the following morphisms
1) All maps p,:S' — S, n € Z. The fiber over any simply connected open

set in S! (here being homeomorphic to an interval) is isomorphic to ker p,, =

{e?mm/n |'m =0,...,n— 1},

2) The map exp:R — S!, expr = e

open set in S! is ker exp Z.

Since R is simply connected by Proposition 4.7 the covering in 2) is universal,
and indeed given any other one in 1) there is a covering from the universal one to
it. The issue is now: Do we always find a universal covering?

The construction of an inverse limit in Chapter 1, notably 1.25ff. (for which
category theory provides sweeping generalisations) suggests that we construct a
limit. For this purpose, we let M denote the set of all morphisms f: (Ef,p/) —
(Ef,py) between the coverings of X in J and consider, in the category of pointed
spaces , the projective limit

2mir . The fiber over any simply connected

L(X) € {(wp)wpes € Hppes E | (Vf € M) f(ups) =2, }.
We define the map p: L(X) — X, p((zg)(gp)es) = xx recalling (X,idx) to
be the minimal element of J. Set e = (e;);cs where e; is the base point of E
where j = (E,p) € J. Then p(e) = zo. Now let & = (z;);es € L(X) and set
x =p(§). Let S € S(X) be a simply connected open neighborhood of z in X.
Then for each j = (E,p) € J there is a unique cross section ¢,: S — E of pointed
spaces such that poo; = idg and 0;(z) = x; see 4.9). Then o(z’) def (oj(2")jes €
[1(£,p)es E isseen to bein L(X) for all 2’ € S by the uniqueness of liftings (4.5(ii)).
Hence o 5): X — L(X), is a cross section satisfying o ¢)(p|p~"(5)) = ids and
o(¢,s)(z) = £ In particular, if 2 is in the image of p then every simply connected
neighborhood S of X is in the image I of p. This shows that I is open. If z € T
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then some simply connected neighborhood S of z meets I. Hence z € S C I. Thus

x € I and I is also closed. Since X is connected, I = X and thus L(X) — X is
surjective. The set B of all open subsets U of X for which there is an S € S(X) with

U C S form a basis for the topology of X. The set of all Vg ¢y <ef oe,s(U) for any
S € S(X), U C S is a basis for a topology O on L(X) such that the components
of p~1(S) are exactly the sets o¢ 5(S). For S € S we let Fg denote the set of
these components and define hg: Fs x S — p~(S) by hs(o¢,s(9),y) = o¢.5(y).
Then p(hs(C,y)) = y. This shows that p: (L(X),0) — X is a covering of pointed
spaces. Let X be the connected component of e in (L(X),O), and let p be
the restriction p|X. Then p:(X,e) — (X, ) is a covering by 4.4(iv). Thus
((X,e),p) € J.

For each k € J we have a limit map p,: L(X) — FE for k = (E,p) given by
p((zj)jes) = xr. The space E is locally simply connected; e.g. the connected
components of p~1(S), S € S(X) are homeomorphic to S by 4.4(iv) and 4.9.
Then just as in the case of the minimal k = (X, idx) we see that p,: (L(X),0) —
(E,p) = k is a covering. By 4.4(iv), accordingly, write T = () ;cs for an element
in X and note that p(p,(Z)) = p(ar) = z(x,ax) = P(())jes) = p(F). Thus the
map 7| X: (X, e) — (E, e;) is a morphism of pointed coverings of (X, zg). Thus
(X,p) is maximal in J and p: (X, e) — (X, z0) is a universal covering.

We have now proved the following existence theorem:

Theorem 4.14. (Existence of Universal Coverings) Every connected locally simply
connected Hausdorff space has a universal covering. O

Since each open n-ball in R™ is simply connected (see E4.8(iii)) every locally
euclidean space (i.e. every space having an open cover consisting of sets homeo-
morphic to an open ball of R™) is locally simply connected. By 4.10 and 4.11(i) all
open balls in a Banach space are simply connected. Thus every space covered by
a family of open sets each homeomorphic to an open ball in some Banach space is
locally simply connected. Let us call such spaces topological manifolds.

Corollary 4.15. (Universal Coverings of Manifolds) Fvery connected topological
manifold has a universal covering. O

From hindsight the somewhat lengthy proof of Theorem 4.14 exhibits a curios-
ity as far as limit constructions go: After we were all through we discovered that
the limit was none other than a member of the inverse system itself because the
index set turned out to have a maximal element . The example of the one-sphere
mentioned above illustrates this fact: The limit of the coverings listed under 1)
alone is a genuine solenoid; if we include the covering under 2), the limit degener-
ates to the universal covering itself.



