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K. Altmann, E. Briseid, S. Herrmann

TECHNISCHE
UNIVERSITÄT
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(T8.1)

(i) Let a < b ∈ R and let f, g : ]a, b]→ [0,∞[ be functions which for each 0 < ε < b− a
are Riemann integrable on [a + ε, b]. Assume that there exists a < a0 ≤ b such that

f(x) ≤ g(x) for x ∈ ]a, a0]. Show that if the improper integral
∫ b

a
g exists then

∫ b

a
f

exists as well.

(ii) Let a ∈ R and let f, g : [a,∞[→ [0,∞[ be functions which for each b > a are
Riemann integrable on [a, b]. Assume that there exists a0 ≥ a such that f(x) ≤ g(x)
for x ≥ a0. Show that if the improper integral

∫∞
a

g exists then
∫∞
a

f exists as well.

(T8.2) (The Gamma Function)

(i) Prove that the improper integral ∫ ∞
0

tx−1e−t dt

exists for x > 0.

(ii) For x > 0 we define

Γ(x) :=

∫ ∞
0

tx−1e−t dt.

Prove that Γ(n + 1) = n! for all n ∈ N and that xΓ(x) = Γ(x + 1) for all x ∈ ]0,∞[.

Hint: Apply integration by parts.
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