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K. Altmann, E. Briseid, S. Herrmann

TECHNISCHE
UNIVERSITÄT
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Let f : [a, b] → R be a bounded function. For any partition P = (a = x0 < x1 < . . . <
xn = b) of [a, b] define

‖P‖ := max{xi − xi−1 : 1 ≤ i ≤ n},

σ(P, f, ξ) :=
n∑

i=1

f(ξi)(xi − xi−1), where ξi ∈ [xi−1, xi], 1 ≤ i ≤ n.

The sums σ(P, f, ξ) are called the Riemann sums associated with the function f , the
partition P , and the system of intermediate points ξ = (ξi)

n
i=1 = (ξ1, ξ2, . . . , ξn).

(T5.1)

(i) Let f : [a, b]→ R be a bounded function. Prove that the following are equivalent.

(1) f is integrable.

(2) There is an I ∈ R such that for any ε > 0 there is δ > 0 such that∣∣∣∣∣
n∑

i=1

f(ξi)(xi − xi−1)− I

∣∣∣∣∣ < ε

for any partition P = (a = x0 < x1 < . . . xn = b) of [a, b] with ‖P‖ < δ and for every
choice of points ξ1, . . . , ξn with ξi ∈ [xi−1, xi] for 1 ≤ i ≤ n.

In case such an I ∈ R as specified above exists, it is the integral of f . Riemann
defined the integral of f : [a, b]→ R as outlined in this exercise, rather than the way
it is done in Hofmann’s book.

Hint: For (1) ⇒ (2), argue that there exist step functions s, t with s ≤ f ≤ t and∫
t −

∫
s < ε/2 and associated partition P ′ = (a = y0 < y1 < . . . < ym = b). Now

consider a partition P = (a = x0 < x1 < . . . < xn = b) and let ξ = (ξ)ni=1 be a choice
of points with ξi ∈ [xi−1, xi] for 1 ≤ i ≤ n. Consider the union Π of those intervals
]xi−1, xi[ such that there exists a 1 ≤ j ≤ m with [xi−1, xi] ⊆ ]yj−1, yj[. Notice that
there can be at most 2m intervals ]xi−1, xi[ such that ]xi−1, xi[ 6⊆ Π.
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(ii) Let f : [a, b]→ R be integrable. Prove that for every sequence (Pn)n∈N of partitions

Pn = (a = x
(n)
0 < x

(n)
1 < . . . < x

(n)
pn = b) with lim

n→∞
‖Pn‖ = 0, and for all systems

ξ(n) = (ξ
(n)
i )pni=1 of intermediate points with ξ

(n)
i ∈ [x

(n)
i−1, x

(n)
i ] (n ∈ N, 1 ≤ i ≤ pn),

lim
n→∞

σ(Pn, f, ξ
(n)) =

∫ b

a

fdx.

(T5.2) Let a < b ∈ R, and let exp : [a, b]→ R be the exponential function. Use (T5.1)(ii)
to compute its integral.
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