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Let a < b € R and C([a, b]) be the set of all continuous functions f : [a,b] — R. For any
p € R,p > 1, and for any f € C([a,b]), define

£l = (/ahflpdzf-

Prove that || - ||, is a norm on the set C([a, b]), that is, that for any f, g € C([a,b]), and for
any A € R the following hold:

(3) 1fll, > 0 and (||f]}, = 0 if and only if f = 0).
(i) 1Al = A - £l

(i) |[f + gl < 171l + llgllp-
Hint for (iii): Use the following intermediate steps:

1 1
(a) Let a,b > 0, and p,q € R,p,q > 1 be such that = + — = 1. Prove the following
P q
inequality:
P
ab< L+ 2. 1)
p q
. 1 1
(b) Prove the Hélder Inequality: Let p, ¢ > 1 be such that — + — = 1. Then for
P q

any functions f, g € C([a,b]),

b
[ 1otz <171, lol ©)

(c) Prove the Minkowski Inequality: For any p > 1 and for any functions
f.9 € C([a,b]),
1f+ 9l < 1fllp + llgllp- ®3)

Solution.

TN
/fpdx> > 0.

Obviously, if f = 0, then ||f||, = 0. It remains to prove the other implication, i.e.,
that ||f]|, = 0 implies f = 0. Assume that ||f|l, = 0, but f # 0. Then there is
¢ € [a, b] such that f(c) # 0, so |f|P(c) > 0. Since |f|? is continuous, there is an open
P
neighborhood of ¢, let us say U :=]c — ¢,c+ ¢[C R, such that |f|’(z) > w for

all z € U N Ja,b]. It is easy to see that U N [a,b] is an interval. Let @ < 3 be its
endpoints.

1
b »
(i) By Proposition 5.15, we have that |/ f|, = / \f|”dm> > <

Let us now define the following function:

ifzeUn|a,b]

0, otherwise .

f17(c)
2

s:la,b] = R s(z) =

Then s is a step function and s < |f|?, so

b b
/‘1\f|pd12/as:@(ﬂ—a)>0.

b v
1, = (/ \fl”dz> >0,

(ii) Applying Proposition 5.14 (ii), we get

Hence

which is a contradiction.
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b H b : b H
il = ([ wpae)” = ([ wetsea)” = (e [ o)
Y
([ 1) =

(i) (a) If either @ = 0 or b = 0, then the inequality is obvious. If a,b > 0, then we
can apply the arithmetical-geometrical inequality from (G3.2) (ii) with a := 117,
8= %, a:=aP and b := b9,

(b) If either || f||l, = 0 or ||g|/; = 0, then by (i) the inequality is trivial. Assume that

9 .
[/1lp: llglly > 0. Let fi := = o Now [[fill, = [lgllg = 1. Taking

IR
£’

lglla
a:=|fi1(z)],b:= |g1(z)| in (a), for z € [a,b], we get
P q
|fig| < g + M
q
2



So

A

/ab|f191|dz < / <|f1\p |91|q> dx 7/ AP, +/ loal® .

= (Hflllp) (”ng) 7+— 1.

b |t 1
HfH,,Hqu TN A

1 b
T TR fgldz <1,
anpuguq/a 1791

b
|fg| dz, we get that

b
Since / |f191| dz =

that is,
b
[ 1tatde <1 7lblgl
a

For the case p = 1 we have
b b b b
17 +gli= ["17+al< [ Qn1+1b= [ 171+ [ 1ol =fl -+ gl

Also the case ||f + g||, = 0 is trivial, so assume that p > 1 and ||f + gl|, # 0.
Then

(If +gllp)”

b b
/\f+g|”dm:/ I+ glPU1f + gl da

A

b
< / 1+ gl () + lg)) da

b b
/\f+g|”’1\f|dw+/ f + 9P Vgl da.

Applying (b) with ¢ := Ll’ we get
p—

b
[ 15+ g g1 < WIS + o e

b
[ 154007 ol < Lol + o
a

S0
(f + gl < Uf 1l + gl + gl - (4)
Since

p=1

1+l = (/ab(\f+g|p1 ) (/ |f+g|ﬂcu)“ (1f + gl

(4) becomes

(1f + llp)” < (171l + lglly) (11F + gl
That is,

I +gllp < [[£1lp+ llgllp-

Orientation Colloquium
The Department of Mathematics’ Research Groups present
themselves.

Monday, 29.05.2006 — 16:15-17:15 — S207/109
Prof. Dr. Burkhard Kiimmerer
FG Algebra, Geometrie und Funktionalanalysis

“Im Dreilindereck Funktionalanalysis — Stochastik — Mathematische
Physik “

After the talk there will be a relaxed get-together (coffee, tea and biscuits) in
S215/219, where interested people can discuss the talk and become more acquainted
with the lecturer.



