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(H11.1)
Compute the arc length of the following curves.
(i) Let 0 < a <b < co. We define f: [a,b] — R?, f(t) = (¢3, 3£2).
(ii) We define
v:[0,27] — R?, t — ((1+ cost)cost, (1 + cost)sint).

Solution.

i) We have f'(t) = (3t*, 3t) an t)||3 = 9t* 4+ 9t*. Hence eorem 8.21,
(i) We have f'(t) = (3t*,3t) and ||f'(t)[|3 = 9¢* + 9¢*. Hence by Th 8.21

L(f)
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[(u+1)2]% = (82 +1)7 — (a +1)%.

(ii) We write r(t) = 1+ cost. Then
7' (t) = (r'(t) cost — r(t) sint, r'(t) sint + r(t) cost),

so
IV (0|12 = ||(r'(t) cos t — r(t) sint, v’ (t)sint + 7(t) cost) |2,

that is,
Iy Oz =r'()* +r(®)*.
Now 7'(t)2+7(t)? = 1+ 2cost + cos?t + sin? ¢ = 2(1 + cos t), so by Theorem 8.21 we have

L= | " R L.

And
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/ V()2 +r(t)2dt = \/5/ V1 + costdt
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T 27

\/5/ \/1+c0stdt+\/§/ v 1+ costdt
0 T

\/5/ \/1+costdt+\/§/ V1 +cossds subst. s=1¢t— 27
0 0

2\/5/ V1 + cos tdt.
0

Substituting u = cost gives

" ' Vit
2x/§/ VIt costdt =2v2 [ Y —==du.
A COS . m u

Using v/1 + u /1 —u = /1 — u2, we obtain
' Vi+u 1
/. ﬁdu =[-2v1—ul,.
S0 2v/2 - [-2/T1 —u]', = 8 gives L(y) = 8. [}
(H11.2)

We define the following relation for paths. Two paths f; : [a;,b;] = X, j = 1,2, are called
equivalent if there is a strictly isotone surjective function o : [a1,b;] — [ag, ba] such that
fi = fa00. That is, if there exists a change of parameters o : [a;, b1 — [az, bo] such that
f1 is obtained from f; by o, and moreover, o is strictly isotone.

Prove that this relation is indeed an equivalence relation on the set of all curves in a fixed
metric space X.

(This is Remark 8.15 in the handouts.)

Solution. First note that for strictly isotone surjective functions oy : [a1,b1] — [ag, bs)
and oy : [ag, by] — [as, bs] respectively, we have that o, is bijective and o; ! is also strictly
isotone and surjective. Furthermore, 0 o 0y is strictly isotone and surjective.

For z # y € [a;, b;] we either have z < y or y < z. Then since o0y is strictly isotone we get

either o1(z) < 01(y) or 01(y) < 01(z). Therefore o1(y) # o1(z). Hence o7 is bijective and
R

o, exists.

For s < t € |ag,by] we get 2,y € [a1,b;] with o1(z) = s < t = 01(y). If z > y then
o1(z) > 01(y) yields a contradiction. Therefore we have that o7 (s) = 2 < y = o7 (t).

Furthermore, by

z<y = o(z)<o(y) = o03(01(x)) < o2(01(y))



and since for ¢ € [ag, bs]
z:afloogl(t) = oy00(z) =t,

we get that oy 0 0y is strictly isotone and surjective.
Now we are ready to solve the exercise:
Reflexivity: Set 0 = id to get f = foid.
Symmetry: If fi = f, 0 0, then we get by

fil07H (X)) = folo (07 (1)) = fa(t)
that the relation is symmetric.
Transitivity: Let fi = fo 001 and fo = f3 009. Then with 0 = 09 007 we get fi =
fsooz001 = fy0(02001) = fzo00. u
(H11.3)
Prove the following:
The image of a rectifiable curve in R? does not contain the square [0, 1]2.
(Conclude that v, as defined in Tutorial 11 is not rectifiable.)

Hint: Let ¢ : [a, b] — R? be a rectifiable curve and assume that @ = [0,1]2 C §([a, b]). Let
n € N and define a subset M C @) by

M:{(%,%):ng,qgn}.

Remark that according to our assumption there are points t; < t3 < ... < t(py1y2 of [a,b]
such that 0({t,...,tm41)2}) = M. Consider a partition P of [a,b] containing the points
ty < ... <tmynye-

Solution. Let § : [a,b] — R? be a rectifiable curve. Assume that @ = [0,1]* C §([a, b]).
Let n € N. Define a subset M C @ by

M:{(E,g) :ng,qgn}.

n'n

Hence M consists of (n+1)2 points, and since M C @ C ([a, b]) there are points ¢, < ty <
<o < t(ngry2 of [a, b] such that ({t1, ..., tny1)2}) = M. Remark that [|0(t;)—d(t;_1)]|2 > %,
i.e. the distance with respect to the Euclidean norm between two different points from M
is at least % Let P be any partition of [a, b] containing the points ¢; < ... < tng1)2. We

get that

(n-+1)? (n+1)?

1 (n+12-1
V) >3 1)~ o)l Y s = Py,
j=2 j=2
Hence, for every n € N we can find a partition P of [a,b] such that Vp(§) > n, which
contradicts the fact that ¢ is rectifiable. u



