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(H2.1)
Let us consider the polynomial function f: R — R, f(z) = 2™ + az + b, where a,b € R,
n € N . Prove the following:

(i) if n is even, then f has at most two zeros,

(ii) if n is odd, then f has at most three zeros.

Hint: Apply (T1.1).
Solution. Let us consider the equation f’(z) = 0, that is

n—1 __

nr —a.

(i) If nis even, then n—1 is odd, so the above equation has exactly one solution, namely
="/ - By (T1.1), we get that f has at most two zeros.
n

(i) If » is odd, then n—1 is even, and the above equation has at most two zeros, namely

T1p =% "/ %a, when a < 0. Thus, by (T1.1), f has at most three zeros.

(H2.2)
Let a,b €]0,00[ with @ < b, and let n € N with n > 2. Prove that

na" (b —a) <b" —a” < nb" (b — a). (1)
Hint: Use the Mean Value Theorem.

Solution. Let us consider the function f : [a,b] — R, f(z) = z™. Then f is differentiable,
and f'(z) = nz" !, so we can apply the Mean Value Theorem to get c € |a, b] such that

b= a" = £(5) = f(a) = £'(e)(b—a) = nc" (b — a).

Since 0 < a < c<bandn—12>1we get that a® > < ™! < b1 so (1) follows
immediately. ]



