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(G12.1)

Let V and W be Banach spaces. We say that a function A : V — W is affine if there exist
¢ € W and linear 7' : V. — W such that

for all z € V. Prove that any continuous affine function A : V' — W is differentiable. Show
also that if A(z) =T (z)+cfor z € V, then A'(z) =T for any z € V.

Solution. Handwritten.

(G12.2)

Let
U={(r¢):7>0, 0<¢<2r} CR2

— fl . 2
ff(f2>.U—>R

fl(ra ¢) = TCO8 ¢7
falr,¢) = rsin g,

We write z = fi(r, ¢) and y = fa(r, ¢).

and let

be defined by

(i) Notice that f is injective with range
F(U) =R\ {(z,0) : z > 0}.
Show that f has a continuous inverse f~!: f(U) — R2.

(i) Prove that f is differentiable, and compute the Jacobi matrix of f.

1

(iii) Prove that f~! is differentiable, and compute the Jacobi matrix of f!.

Solution. Handwritten.

(G12.3)
Let the function f: R? — R be defined by

2y sin (¥
fap={ 5o 225

(i) Compute the partial derivatives of f where they exist and show that 9;f is not
continuous in any point (0,y) with y # 0.

Hint for the latter: For y # 0, consider the points (z,,y,) = (y/(nn),y) for n € N.
(ii) Decide whether f is differentiable in (0,y), for y € R.

Solution.

(i) For = # 0 we have

01f(z,y) = 2wy sin(2) - y? cos(*)
and

0af (2,y) = a*sin(2) + my cos(%).

For z =0 we get

01 f(0,y) = }13_1)% f(h,y) ; f0,y) m R?ysin(£)

h—0 h
wnd f(0,y+h) = £(0,9) 0
T Y+ — Y N TR
0 00) = iy z T

For n € N we set (z,,9,) = (y/(nm),y). Then we have lim,_,(zs, y) = (0,y) and
o2
O f (Tpy yn) = 2=—sin(nm) — y* cos(nm).
nmw
Thus limy, o 01 (s, yn) does not exist, and therefore 9, f is not continuous in (0, y).

(ii) Let yo € R. From (i) we get that J¢(0, yo) is the zero 1 x 2 matrix. Thus the candidate
for the derivative D f(0,yo) of f in (0, yo) is the constant zero function. So we must show

that
f(wvy) — f(07 yO)
22 + (y — %o)?
tends to zero as (z,y) — (0, yo)-



We get

f(za y) - f(oyy()) _ 112‘2y Sln(%)
VE2+y—w)? V22 +(y—w)?
Since
2 H y 2
Lm(z) < ‘ﬂ < |xy|,
x4+ (y — yo)? Va?

we get that f is differentiable in (0, yo).



