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(G5.1)
Let f,g: [a,b] = R be bounded real functions. We define
[1£1 = sup{|f(2)| : = € [a, b]}.

Prove the following statements:

(i) Ifll > 0 and (|| f|| = 0 if and only if f = 0).
(i) [[f +all < fI1+Tgl-
(iii) [[fgll <[IfIl- llgll- In general [ £g[| # [I£]] - llg]|

Solution.

(i) Since |f(z)| > 0 for all z € [a,b], we have | f|| = sup{|f(z)|: z € [a,b]} >0.If f =0
then obviously ||f|| = 0. If || f|| = 0, then |f(z)| = 0 for all € [a,b] and therefore
F=o.

(ii) For each z € [a, b] we have |f(z) + g(z)| < |f(z)| + |g(z)|, hence
If (@) + g()| < sup{|f(z)| : = € [a,b]} +sup{|g(z)| : z € [a, 8]} = [ f] + llg].

Thus,
If + gll = sup{|f(z) + g(z)| : = € [a, 0]} < [If]| + [|g].

(iii) For each z € [a,b] we have

(@) - g()| = |f(@)] - |9()| < sup{|f(2)| : @ € [a,b]} - sup{|9(2)| : = € [a, 0]} = [ fI| - [|g]l-

Thus,
(91l = sup{[f(z) - g(=)| : = € [a, 0]} < |IF]| - llgll-

Now we consider the step functions f, g : [a,b] — R with

fa) = {0 if z € [0, 1],

1 ifzeld 1],

and
)1 ifzelo,l]
fe) = {o if & €L, 1],

Then fg = 0, 50 | £g]| = 0. On the other hand, [ £l = 1 = |lgl, i.e. [f] - o] = 1.
| ]

(G5.2)

Use the arithmetical-geometrical inequality in (G3.2) (ii) to prove the Hélder inequality:

n n p s n 1/q
s (i) (59
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for alln € N and for all a;,b; > 0 for 1 < i < n, and for all p, ¢ €1, 00[ such that —+= = 1.
P q

Solution.

We can assume that Y ;| a; # 0 and Y i, b; # 0, for else the proof is trivial. For 1 < 7 < n,
we let

a?
Q1= n : D
Zj:l a;
and 5
51' = an pe
=177

Then } 7 ,a; =1and > i, ; = 1. We have
aibi
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_ al_l/Pﬂil/q.

If a; =0 or §; =0, then
a;/ﬂﬁil/q < Q5 + @
p q
If ; > 0 and f3; > 0, we apply the arithmetical-geometrical inequality from (G3.2) (ii) and
get

a:/pﬁil/q < %+ %



Hence

Z?:l a;b; _ - a;b; - a; B
n p\'P (< ql/qf_z n N\ (n g\ SZ;_FE'
(ijl “J') (21:1 bj) =t (ijl aj) (ijl bj) =t
Since we have
. a; | fi - Q; . Bi 1 1
=4 2= =4 2=y =1,
AR SR DA
we get
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(G5.3) (Supplementary exercise)
Use the Holder inequality to prove the Minkowski inequality:
n 1/p n 1/p n 1/p
(Swrar) < (5) +(3e)
i=1 i=1 i=1
for p € [1, co[ and for a;, b; € (0,00 for 1 <4 < n.
Solution.

For p = 1 this is immediate, so assume p > 1. Let ¢ € |1, 0o satisfy

1 1
— - =1,
p q
and define ¢; := (a; + b;)P ! for 1 < i < n. Then ¢! = (a; + b;)? Y = (a; + b;)?, since
(p—1)g=p.So
n 1/q n 1/q
(520) " ()
=1 =1
We have

n

n n
Z ci(a; +b;) = Z c;ia; + Z cibi,
-1 =1

i=1
and by Holder’s inequality we have

n n n 1/q n 1/p n 1/q n 1/p
Z cia; + Z cib; < (Z c?) (Z af) + (Z c?) (Z bf) .
= ; : ;

i=1 i=1

Hence

On the other hand

so in total we have

since 1 —1/q=1/p.
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