Solution.

Fachbereich Mathematik TECHNISCHE

gr.BIrJisgiiiu%eaIIilerrmann UNIVERSITAT (i) Let us consider the function f :]0,00[— R, f(z) = z® — az. Then f is differentiable,
‘ v DARMSTADT and f'(z) = az® ! — a = a(z® ' — 1). Since a €]0,1], we have that a — 1 < 0, so
(1) =0, f'(z) < 0for z > 1, and f'(z) > 0 for z < 1. Thus, f is increasing on
5 0,1], and decreasing on [1, ool. It follows that f attains a global maximum at z = 1.
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Since f(1) =1 — a, we get f(z) <1 — a for any « > 0. That is, (1).
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3. Exercise sheet Analysis Il for MCS () Apply (1) for z = 7. We get
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(G3.1) Compute the limit and so
. log(cos z) a® aa
lim === TGRS
z#0
H
Solution. Applying twice the Rule of Bernoulli and de I’'Hépital, we get that enee a® aa
s 5B <B+ B
1n T
log(cosz) .. T oosz .. —tanz that is,
iy P = ey Vi, o
z#0 z#£0 z#£0 b — b
__ 1 And therefore
— lim—cos’z _ - ¥a® < b + aa.
z—0 2 2
70 (iii) Use induction on n.
" n =1: Obvious.
(G3.2) n=n+1:
n+1
(i) Prove that for z > 0, Let a;,a; > 0 for 1 < ¢ < n+ 1 such that Zai = 1. We have to prove that
*—ar<l-a (0<a<l). (1) i=1
(ii) Prove the arithmetical-geometrical inequality ntl ntl
H af < Z ;a;.
at? <aa+pb (a,b,0,8>0,a+8=1). (2) i=1 i=1
(iii) Generalize (2) to
n n n
Ha?i Szaiai (”GN,ai,ai>0,Zai:1)- (3)
i=1 i=1 i=1

(iv) Prove the arithmetic-geometric inequality

n % 1 n
(Haz) Sﬁzai (a; > 0,n €N). (4)
i=1 i=1



Let f:=1—au41 = Za,-. Then
i—1
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(by (2) with a :=ap41, b:= Haf , Q= Qpp1)
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B § Elai + an+1an+1
i=1

(by the induction hypothesis, since Z % =1)
i=1
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= E Q;ag.
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(iv) Apply (3) for a; = . for1<i<n.



