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Important:

e Time for the examination: 120 Minutes. Total amount of points: 50 points.
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e All steps in the solutions and partial results need sufficient explanation.

e Good luck!
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Problem 1: Extrema and Taylor series
Consider the function f:[0,3] =R, f(x)=22%—922+122x—5.

(i) (4 points) Determine the local minima and maxima of f.
(i) (3 points) Prove that f has global extrema and determine them.

(iii) (3 points) Prove that for any z €0,3],
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Problem 2: Riemann Integral

(i) (6 points) Compute the following Riemann integrals:

(a)/olxexdx; (b)/02|x—1|d:v.

(10 points)

(10 points)
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(ii) (4 points) Let f:[a,b] — R be a continuous function such that / f(z)dx = §(b2—a2). Show

that there exists x € [a,b] such that f(zg) =zo.

Problem 3: Normed spaces (10 points)
(i) (5 points) Suppose that (V,||-|lv) and (W,||-|w) are normed spaces over K, where K=R
or K=C. Let T:V — W be a linear transformation and define the function ||-||:V — R by
x| :=l|z||lv + | T (z)|lw  forallzeV.
Prove that ||-|| is a norm on V.

(i) (5 points) Let V' be a normed space over R, ACV be closed in V' and t€R,t>0. Define
tA:={tx|x € A}. Prove that tA is closed in V.

Problem 4: Differentiability in R" (10 points)

(i) (5 points) Let f:R" —R, f(x1,...,2,) =22 +23+...+22. Show that f is differentiable on
R™ and compute its derivative.

(ii) (5 points) Let g:R™ — R be a differentiable function such that g(tz)=tg(z) for all teR
and all z € R™. Show that g(z)=¢'(0)(z) for all x€R".

Problem 5: Inverse Function Theorem (10 points)
Consider the function

fR?—=R? fa,y)=
2y

(i) (4 points) Show that f is continuously differentiable and compute its derivative.
(i) (3 points) Show that f is locally invertible around every point (z,y) € R*\ {(0,0)}.

(iii) (3 points) Does f have a global inverse?



