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•• ggkk((xx):=):=gg((((xx··22ψψ((kk))--1)1)··22kk))//22ψψ((kk))

h'h':=:= ∑ ∑kk ggkk

•• ggkk((xx):=):=gg(( xx··22ψψ((kk))--1 1 ))//22ψψ((kk))

nn=1=1nn=2=2
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FactFact :: ∃∃ computablecomputable bijectionbijection   ψψ::��→→HH
•• gg and and ∫∫gg computablecomputable

⅛⅛

½½¼¼⅛⅛ 1100

Myhill'71: Myhill'71: uncomputableuncomputable ∂∂∂∂∂∂∂∂ on on CC11[0,1][0,1]

yetyet hh:=:=∫∫ h'h'  ∈ ∈CC11[0;1]  [0;1]  computablecomputable. . 

incomputableincomputable,,

hat hat functionfunctiongg

•• ggnn((xx):=):=gg((xx··22nn--11))/2/2nn

•• ∫∫ggkk ≤≤ 22--kk

continuouscontinuous,,∑∑nn∈∈HH ggnn∑∑nn ggnn

e.ge.g. . HH={2,3,5,...}={2,3,5,...}

q.e.dq.e.d..
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The Case of the Wave Equation

PourPour--El&Richards'81 construct a computable El&Richards'81 construct a computable ƒ∈ƒ∈CC11((��33) ) 
such that for such that for gg:=0 the unique solution is :=0 the unique solution is 
inincomputable at computable at tt=1 and =1 and xx=(0,0,0).=(0,0,0).

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),  ∂/∂t u(x,0)=g(x)

ChurchChurch--TuringTuring HypothesisHypothesis ((KleeneKleene):):

EverythingEverythingthatthat cancanbebecomputedcomputedbyby a a 
Turing Turing machinemachinecancanalso also bebecomputedcomputed
byby a a physicalphysicaldevicedevice –– and and viceviceversaversa!!

Myhill'71: Myhill'71: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith uncomputableuncomputable hh'(1) '(1) 
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Myhill'71: Myhill'71: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith uncomputableuncomputable hh'(1) '(1) 

PourPour--El&Richards'81 construct a computable El&Richards'81 construct a computable ƒ∈ƒ∈CC11((��33) ) 
such that for such that for gg:=0 the unique solution is :=0 the unique solution is inincomputable.computable.

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),  ∂/∂t u(x,0)=g(x)

Kirchhoff'sKirchhoff's

formulaformula::
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up to up to permutationpermutation [Specker'67][Specker'67]

ExampleExample fund. fund. theoremtheorem of of algebraalgebra::

GivenGiven aa00,,……aadd--11∈∈��, , returnreturn rootsroots xx11,,……xxdd∈∈�� of  of  

aa00+a+a11··X+X+……+a+add--11··XX
dd--11+X+Xdd ∈∈��[[XX]] incl. multiplicitiesincl. multiplicities

Two Effects in Real Computability

a) a) MultivaluedMultivalued ''functionsfunctions''

b) b) DiscreteDiscrete ''adviceadvice''

ExampleExample floorfloor functionfunction: : givengiven xx∈∈��, , returnreturn itsits
least integer least integer upperupper boundbound

GivenGiven xx, , returnreturn somesome integer integer 
upperupper boundbound:  :  computablecomputable!!

ExampleExample matrixmatrix diagonalizationdiagonalization: : givengiven AA∈∈��dd··((dd--1)/21)/2,,

returnreturn a a basisbasis of of eigenvectorseigenvectors

ThmThm:: ComputableComputable knowingknowing ||σσ((AA)|)|..ε·
�
cos(1/ε) sin(1/ε)

sin(1/ε) − cos(1/ε)

�―― discontinuousdiscontinuous::

―― discontinuousdiscontinuous..


