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A computable
function must
be continuous
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X[JR computable= [x-a/2"1<2™" for recursive(a,)[1Z
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Theorem: For f:[0,1]—-R thefollowing areequivalent

a) Thereis analgorithmconvertinganyseq q,[ 1D, ,
with |[x-g,|<2" into p, D, with [f{(X)-p|<2™

b) Thereis analgorithmprinting a sequenc¢of degree
andcoefficientlists of) (P, )UD[X] with |[f-P||< 2"

c) Therealsequencd(q), gL D n[0,1], is computable

& f admitsa computablanodulusof uniform continuity

| xy2Hm = [f(x)-f(y)[<2™ | Proof: a) = ¢) = b)

Call (r)UR computableiff analgorithmcanprint,
oninput n,nlN, someqlD,,, with |r_-g|<2™.
D:=).,D, D, :={a?2":alz}
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a) f computable = same for any restriction
b) exp, sin, cos In(1+X) are computable functions
c) For a computable sequence a=(a,),
the power series x—2.,a, X" is computable
on (-r,r) for r <R(@) := LAimsup, [a '™
d) Let fOOC[0,1] be computable. Then so are
Jf:x= o f(t) dt  and m\@:x-max{f(t):tsx}.
&) If (x,m) - f. (X) computable with-Jf, -f | <2142
then lim f is computable. uncomputablén general
f) For computable allR, f:[0.a] -R, and

To computef:R - R: convertanysequenceg,[ 1D, ,
with |x-g,|<2" into p, [D,,, with [f(X)-p, |<2™




