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Computable Weierstrass Theorem

Theorem:Theorem: For  For  ff:[0,1]:[0,1]→→�� thethe followingfollowing areareequivalentequivalent::
a)a) ThereThereisis an an algorithmalgorithmconvertingconvertinganyanyseqseq. . qqnn∈∈��nn+1+1

withwith ||xx--qqnn|| ≤ ≤ 22--n    n    intointo ppmm∈∈��mm+1+1 withwith ||ff((xx))--ppmm|| ≤ ≤ 22--mm

b) b) ThereThereisis an an algorithmalgorithmprintingprinting a a sequencesequence(of (of degreesdegrees
and and coefficientcoefficientlistslists of)  (of)  (PPnn))⊆⊆��[X[X ] ] withwith ||||ff--PPnn|||| ≤ ≤ 22--nn

c) c) TheThereal real sequencesequenceff((qq), ), qq∈∈��∩∩[0,1], [0,1], isis computablecomputable
&& ff admitsadmitsa a computablecomputablemodulusmodulusof uniform of uniform continuitycontinuity.

CallCall ((rrmm))⊆⊆�� computablecomputableiffiff an an algorithmalgorithmcancanprintprint, , 
on on inputinput n,mn,m∈∈��,  ,  some some qq∈∈��n+n+11 withwith ||rrmm--qq||≤≤22--nn..
�� :=:=  nn ��nn,  ,  ��nn := := {{ aa/2/2nn : : aa∈∈�� }}

||xx--yy||≤≤22--µµ((mm))  ⇒ ⇒ ||ff((xx))--ff((yy)|)|≤≤22--mm Proof:Proof: a) a)  ⇒ ⇒ c) c) ⇒⇒ b)b)
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uncomputableuncomputablein in generalgeneral

Exercises: Computable Real Functions

a) a) ff computablecomputable ⇒⇒ samesame forfor anyany restrictionrestriction

b) b) expexp, , sinsin, , coscos, ln(1+, ln(1+xx)  )  areare computablecomputable functionsfunctions

c) c) For For a a computablecomputable sequencesequence aa=(=(aann),),
thethe powerpower seriesseries xx→→∑∑nn aann··xxnn isis computablecomputable

on  on  ((--r,rr,r ))   forfor r r << RR((aa) := 1/) := 1/limsuplimsupnn ||aann||1/1/nn

d) d) LetLet ff∈∈C[0,1]C[0,1] bebe computablecomputable. . ThenThen so so areare

∫∫ff: : xx→∫→∫00
xx ff((tt) ) dtdt and and max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}.}.

e) e) IfIf ((x,mx,m))→→ffmm((xx)) computablecomputable withwith ||ffnn--ffmm||∞∞≤≤22--nn+2+2--mm

then  then  limlimnn ffnn is computable.is computable.

f) For f) For computablecomputable aa∈∈��, , ff:[0,:[0,aa]]→→��, and , and 

gg:[:[aa,1],1]→→�� withwith ff((aa)=)=gg((aa)), , theirtheir joinjoin isis computablecomputableTo To computecomputeff::��→→��: : convertconvertanyanysequencesequenceqqnn∈∈��nn+1  +1  
withwith ||xx--qqnn|| ≤ ≤ 22--n    n    intointo ppmm∈∈��mm+1+1 withwith ||ff((xx))--ppmm|| ≤ ≤ 22--mm


