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Theorem:Theorem: For For rr∈∈��, , 
tthehefollowingfollowing areareequivalentequivalent::
a) a) rr has a has a computablecomputablebinarybinaryexpansionexpansion
b) b) ThereThereisis an an algorithmalgorithmprintingprinting, on , on inputinput

nn∈∈��, , somesomeaa∈∈�� withwith ||rr--aa/2/2nn+1+1||≤≤22--nn. . 
c) c) ThereThereisis an an algorithmalgorithmprintingprinting twotwo
sequencessequences((qqnn))⊆⊆�� and (and (εεnn) ) withwith ||rr--qqnn||≤≤εεnn→→00

H := { 〈B,x〉 : algorithmB terminates on inputx }  ⊆ �

There is an algorithm
which, givenn∈�, prints

bn∈{0,1} wherer=∑n bn 2-n

b) ⇔ c) holdsuniformly,
⇔ a) does not [Turing'37]

numerators+
denominators
Ernst Ernst SpeckerSpecker(1949):  (c)  (1949):  (c)  ⇔⇔ HaltingHalting problemproblemplus (d)plus (d)
d) d) ThereThereisis an an algorithmalgorithmprintingprinting ((qqnn))⊆⊆�� withwith qqnn→→rr ..

interval
arithmetic

⇔ r∈
[qn±εn]

CallCall rr∈∈�� computablecomputableifif
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rr∈∈�� computablecomputable iffiff an an algorithmalgorithm cancan printprint, , 

on on inputinput nn∈∈��, , somesome aa∈∈�� withwith ||rr--aa/2/2nn+1+1||≤≤22--nnyetyet naivelynaively computablecomputable..

a) a) EveryEvery rational has a rational has a computablecomputable binarybinary expansionexpansion

b) b) EveryEvery dyadicdyadic rational has rational has twotwo binarybinary expansionsexpansions

c) c) ComputableComputable binarybinary expansionexpansion  ⇔ ⇔ computablecomputable realreal

d) d) IfIf aa,,bb areare computablecomputable, , thenthen also also a+ba+b, , aa··bb, , 1/1/aa ((aa≠≠0)0)
e) Fix e) Fix pp∈∈��[[XX]]. . ThenThen pp's's coefficientscoefficients areare computablecomputable

  ⇔⇔ pp((xx)) isis computablecomputable forfor all all computablecomputable xx..

f) f) TheThe degreedegree of of everyevery pp∈∈��[[XX] ] isis computablecomputable..

g) g) EveryEvery algebraicalgebraic numbernumber isis computablecomputable; and so ; and so isis  ππ..
h) h) IfIf xx isis computablecomputable, , thenthen so so areare exp(exp(xx)), , sin(sin(xx)), , log(log(xx))
j) For j) For everyevery computablecomputable xx, , sign(sign(xx)) isis computablecomputable..

k) k) Specker'sSpecker's sequencesequence ((∑∑k>nk>n∈∈HH22--nn))kk isis computablecomputable,,

itsits limitlimit isis uncomputableuncomputable
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In In numericsnumerics, , don'tdon't test test forfor ((inin--)equality)equality!!
Fact:Fact: There exists a computable sequence (There exists a computable sequence (rrmm))⊆⊆[0,1][0,1]
such that  { such that  { mm : : rrmm≠≠0 }  is the Halting problem 0 }  is the Halting problem HH..

H := { 〈B,x〉 : algorithmB terminates on inputx }  ⊆ �

Reminder:Reminder: For For rr∈∈��, , tthehefollowingfollowing areareequivalentequivalent::
a) a) ∃∃algorithmalgorithmdecidingdecidingrr 's's bin. bin. expansionexpansion
b) b) ∃∃algorithmalgorithmprintingprinting on on inputinput nn

somesomeaa∈∈�� withwith ||rr--aa/2/2nn+1+1||≤≤22--nn. . 
c) c) ∃∃algorithmalgorithmprintingprinting ((qqnn),(),(εεnn) ) ⊆⊆�� withwith ||rr--qqnn||≤≤εεnn→→00
Call (rm)⊆� computableiff an algorithmcanprint, 
on input〈n,m〉∈�,  somea∈� with |rm-a/2n+1|≤2-n. 

a)a)⇒⇒b)b)⇔⇔cc) ) computablecomputable
transformationtransformation
on on algorithmsalgorithms

b)b)⇒⇒aa) ') 'undecidableundecidable' ' 
casecase splitsplit on on rr∈∈��


