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heorem: Forr There is an algorithm
2‘:’13?(()% gogp é@é&lggm Ehlch ivennN, prints

a) r has acomputablébinary expansion

t) Thereis analgorithmprinting, onin

—nlN, someallZ with |r-a/2™ <2  rO

¢) Thereis analgorithmprinting two (%€l
sequence@,)JQ and €,) with |r-g [<e,—0

numerators [b) = ¢) holdsuniformly, | ("interval |}
denominators| = a) does not [Turing'37]larithmetighk

b.[0,1} Wherer Z b, 2"
=~

ErnstSpecker(1949): (c) <« Halting problemplus (d)
d) Thereis analgorithmprinting (q.,)0JQ with g, —r.

H :={ (B,X : algorithmB terminates on input }
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Exercises: Computable Reals AR
Martin Ziegler

a) Every rational has a computable binary expansion
b) Every dyadic rational has two binary expansions
c) Computable binary expansion = computable real
d) If a,b are computable, then also a+b, a-b, 1/a (a#0)
e) Fix pUR[X]. Then p's coefficients are computable

= p(X) is computable for all computable X.
f) The degree of every pPLR[X] is computable.
g) Every algebraic number is computable; and so is Tt

h) If X is computable, then so are exp), sin(x), log(x)
j) For every computable X, sign() is computable.

k) SpeaERs cs@iRNED (R iff @ digereeirm @ print,
its i iR pIERTNG [§61Re A7 RINRNrca/2Paf2 e
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Reminder: ForrOR, thefollowing areequivalent
a) Calgorithmdecidingr's bin. exElEeii Rl il
_ o _ transformation
b) Calgorithmprinting on inputn ~on algorithms
someallZ with [r-a/2m1<2n. (SR
c) [algorithmprinting (q,).(€,) UQ with |r-q,|<g,—0
Call (r,)UR computablaff an algorithmcanprint,
on input(n,mCN, someallZ with |r_-a/2M1<2™",

In numerics don'ttestfor (in-)equality
Fact: There exists a computable sequencg{]0,1]

such that {m:r.#0 } Is the Halting problenki.
H :={ (B,X : algorithmB terminates on input } N\




