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decisiondecision
problemproblem

•Logicians Tarski, AlonzoChurch (PhDadvisor)
•Kurt Gödel (1931): There exist arithmetical
statements whichare true but cannot be provenso.

Alan M. Turing 1936
••firstfirst scientificscientificcalculationscalculationson digital on digital computerscomputers

••WhatWhatareare itsits fundamental fundamental limitationslimitations??
•• UncountablyUncountablymanymanyPP⊆⊆��

•• butbut countablycountablymanymany''algorithmsalgorithms''

••UndecidableUndecidableHaltingProblemH:: NoNo algorithmalgorithmB B 
cancanalwaysalwayscorrectlycorrectlyansweranswerthethe followingfollowing questionquestion
GivenGiven〈〈A,A,xx〉〉,, doesdoesalgorithmalgorithmA A terminateterminateon on inputinput xx??

Proof (bycontradiction): ConsiderConsideralgoralgor. . BB' ' thatthat, , 
on on inputinput AA, , executesexecutesBB on on 〈〈A,AA,A〉〉

1941

HaltingHalting ProblemProblemHH

ProofProof ((byby contradictioncontradiction):):

AA
xx BB ++

−−AA
AA

B'B'

∞∞

HowHow doesdoesBB' ' behavebehaveon on B'B' ??answeranswer, , loopsloopsinfinitelyinfinitely..
and, and, uponupona positivea positive

simulatorsimulator//interpreterinterpreterB B ??

B'B' B'B'
B'B'
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Formalities & Tools

''Definition:Definition:' ' AlgorithmAlgorithm AA decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif
•• on on inputsinputs xx∈∈LL printsprints 11 and and terminatesterminates,,

•• on on inputsinputs xx∉∉LL printsprints 00 and and terminatesterminates..

AA semisemi--decidesdecides ifif terminatesterminates on on xx∈∈LL,, elseelse divergediverge..

all finite all finite 
binarybinary

sequencessequences

e.ge.g. "Turing . "Turing 
machinemachine""

ConsiderConsideralgoralgor. . BB' ' thatthat, on , on inputinput AA, , executesexecutesBB on on 
〈〈A,AA,A〉〉 and, and, uponupona positive a positive answeranswer, , loopsloopsinfinitelyinfinitely..

countablecountable!!

TechniquesTechniques:: a) a) simulationsimulation

c) c) dovetailingdovetailing

Theorem: Theorem: LL decidabledecidable iffiff bothboth LL, , LLCC semisemi--decidabledecidable

Infinite Infinite LL⊆⊆{{ 00,,11}*}* isis semisemi--decidabledecidable iffiff LL=range(=range(ff))
forfor somesome computablecomputable injectiveinjective ff::NN→→{{ 00,,11}*}*

b) b) diagonalizationdiagonalization

egeg. . UU={ ={ algorithmsalgorithms } } ×× { { inputsinputs }}

UniversesUniverses UU otherother thanthan {{ 00,,11}*}* ((e.ge.g. . NN):): encodeencode..

HaltingHalting Problem Problem HH onlyonly semisemi--decidabledecidableHilbert HotelHilbert Hotel

d) d) reductionreduction (in/(in/outputoutput translationtranslation))
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Some Undecidable Problems

''Definition:Definition:' ' AlgorithmAlgorithm AA decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif
•• on on inputsinputs xx∈∈LL printsprints 11 and and terminatesterminates,,

•• on on inputsinputs xx∉∉LL printsprints 00 and and terminatesterminates..

TechniquesTechniques:: a) a) simulationsimulation

c) c) dovetailingdovetailing
b) b) diagonalizationdiagonalization

For For L,L'L,L'⊆⊆{{ 00,,11}*}* writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable

ff: : {{ 00,,11}*}* →→{{ 00,,11}*}* such such thatthat ∀∀xx:  :  xx∈∈LL  ⇔ ⇔ ff((xx))∈∈LL'.'.
a) a) L'L' decidabledecidable ⇒⇒ so so LL.  .  b) b) LL≼≼L'L'≼≼L'' L'' ⇒⇒ LL≼≼L''L''

UniversesUniverses UU otherother thanthan {{ 00,,11}*}* ((e.ge.g. . NN):): encodeencode..

d) d) reductionreduction (in/(in/outputoutput translationtranslation))

HaltingHalting problemproblem: : H H = { = { 〈〈AA,,xx〉〉 : : AA terminatesterminates onon xx }}
Hilbert'sHilbert's 10th:10th: TheThe followingfollowing setset isis undecidableundecidable::

{ { 〈〈pp〉〉 | | pp∈∈NN[[XX11,,……XXnn], ], nn∈∈NN, , ∃∃xx11……xxnn∈∈NN pp((xx11,,……xxnn)=0 })=0 }
Word Problem Word Problem forfor finitelyfinitely presentedpresented groupsgroups

MortalityMortality Problem Problem forfor twotwo 2121××21 21 matricesmatrices

HomeomorphyHomeomorphy of 2 finite of 2 finite simplicialsimplicial complexescomplexes
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integerinteger

Exercise Questions
WhichWhich of of thethe followingfollowing areare unun--/semi/semi--//decidabledecidable??

a) a) GivenGiven an integer, an integer, isis itit a prime a prime numbernumber??

b) b) GivenGiven a finite a finite stringstring overover ++,,××,,((,,)),,00,,11,,XX11,,……XXn n 

isis itit syntacticallysyntactically correctcorrect??

c) c) GivenGiven a a BooleanBoolean formulaformula   ϕϕ((XX11,,……XXnn)),,
doesdoes itit havehave a a satisfyingsatisfying assignmentassignment??

d) d) GivenGiven MM∈∈��nn××nn and and bb∈∈��nn, , 

doesdoes therethere existsexists a            a            vectorvector xx s.t. s.t. MM··xx≤≤bb??
e) e) GivenGiven an an algorithmalgorithm AA, , inputinput xx, and integer , and integer NN,,

doesdoes AA terminateterminate on on inputinput xx withinwithin NN stepssteps ??

f) f) DoesDoes a a givengiven algorithmalgorithm terminateterminate on all on all inputsinputs??

g) g) DoesDoes givengiven algorithmalgorithm terminateterminate on on somesome inputinput??

realreal


