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EXERCISE 16:

a) Let ξ̃ :⊆ LM → X andυ̃ :⊆ LM →Y be second-order representations.
Define theproduct second-order representationξ̃× υ̃ of X ×Y .

b) Prove that both addition+ : R×R→ R and multiplication are second-order
polytime(ρ̃× ρ̃, ρ̃)–computable. How about exponentiation?

c) For ordinary representationsξ of X andυ of Y consider the induced second-order represen-
tationsξ̃ andυ̃ according to the lecture.
For an arbitrary but fixedf :⊆ X ⇉ Y prove that polytime(ξ,υ)–computability is equivalent
to second-order polytime(ξ̃, υ̃)–computability.

d) Verify that second-order polynomials are closed underboth kinds of composition

(

Q◦P
)

(n,λ) := Q
(

P(n,λ),λ
)

and
(

Q•P
)

(n,λ) := Q
(

n,P(·,λ)
)

. (1)

e) Explore the asymptotic growth ofn 7→ P(n,λ) for linearly boundedλ : n 7→ n+ c in terms of
n andc. How aboutλ : n 7→ a · n+ c? Prove that, wheneverλ is a polynomial (of degreed,
say) then so isn 7→ P(n,λ). How does its degree vary withd?


