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Computable Analysis
SS 2013, Exercise Sheet #3

EXERCISE 8:

Recall that the Halting Problem is a subset of integers seva¥y Turing machiné\l can be
assigned some cod@\l), called its Godel Index, such that the ‘simulation’” magpM x N >
((M),x) — M(x) is computable. Now calf : [0;1] — R Markov computable if there exists a
Turing machineconverting every Godel index of som®&( computing a real numbere [0;1] into
the Godel index of som®& computingf (x).

a) Show that every computabfe [0;1] — R is Markov computable.

b) Prove that Markov computability implies sequential canability (Exercise 6).

EXERCISE 9

a) Formalize real number by approximation up to prescribedbbtive error. Make sure that 0
and 1 are relatively computable numbers. Compare the setatdively computable numbers
with Rc. Is addition a relatively computable operation?

b) Prove that the open intervi@d, b) C R is p-r.e.
iff ais p.—computable and is p-—computable.

EXERCI SE 10:

Callt € {0,1}* aninitial segment of Ve {0,1}* (and write ‘i C V") if there existsw € {0, 1}* with
V="UoW. Similarly write ‘U0 C V" if v=towforve {0,1}* and somave {0,1}®. Foro € {0,1}%
abbreviates|<p 1= (01,...,0p) € {0,1}". We say thaf : {0,1}* — {0,1}* ismonotone if it holds

VO,V GCV = f(0)C (V) .

a) Suppose is alsounbounded on ¢ € {0,1}® in that the length f(ad|<p)| is unbounded
in n. Show that there exists precisely one {0,1}® (denoted byt = sup, f(0|<n)) with
vn: f(agn) C 1.

b) Supposd is monotone. Prove that the following functidg :C {0,1}* — {0,1}“ is conti-

nuous:
dom(fy,) = {0 | f unbounded oo}, fw: 0~ sup, f(0]<n)

c) Supposé :C {0,1}* — {0,1}“is continuous.
Construct some monotorfewith fw]dom(F) =F.



