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decisiondecision
problemproblem

•Logicians Tarski, Alonzo Church (PhD advisor)
•Kurt Gödel (1931): There exist arithmetical
statements which are true but cannot be proven so.

Alan M. Turing 1936
••firstfirst scientificscientificcalculationscalculationson digital on digital computerscomputers

••WhatWhatareare itsits fundamental fundamental limitationslimitations??
•• UncountablyUncountablymanymanyPP⊆⊆��
•• butbut countablycountablymanymany''algorithmsalgorithms''

••UndecidableUndecidableHalting ProblemH:: NoNo algorithmalgorithmB B 
cancanalwaysalwayscorrectlycorrectlyansweranswerthethe followingfollowing questionquestion
GivenGiven〈〈A,A,xx〉〉,, doesdoesalgorithmalgorithmA A terminateterminateon on inputinput xx??

Proof (by contradiction): ConsiderConsideralgoralgor. . BB' ' thatthat, , 
on on inputinput AA, , executesexecutesBB on on 〈〈A,AA,A〉〉

1941

HaltingHalting ProblemProblemHH

ProofProof ((byby contradictioncontradiction):):

AA
xx BB ++

−−AA
AA

B'B'

∞∞

HowHow doesdoesBB' ' behavebehaveon on B'B' ??answeranswer, , loopsloopsinfinitelyinfinitely..
and, and, uponupona positivea positive

simulatorsimulator//interpreterinterpreterB B ??

B'B' B'B'
B'B'
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Formalities & Tools

''Definition:Definition:' ' AlgorithmAlgorithm AA decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif

•• on on inputsinputs xx∈∈LL printsprints 11 and and terminatesterminates,,

•• on on inputsinputs xx∉∉LL printsprints 00 and and terminatesterminates..

AA semisemi--decidesdecides ifif terminatesterminates on on xx∈∈LL,, elseelse divergediverge..

all finite all finite 
binarybinary

sequencessequences

e.ge.g. "Turing . "Turing 
machinemachine""

ConsiderConsideralgoralgor. . BB' ' thatthat, on , on inputinput AA, , executesexecutesBB on on 
〈〈A,AA,A〉〉 and, and, uponupona positive a positive answeranswer, , loopsloopsinfinitelyinfinitely..

countablecountable!!

TechniquesTechniques:: a) a) simulationsimulation

c) c) dovetailingdovetailing

Theorem: Theorem: LL decidabledecidable iffiff bothboth LL, , LLCC semisemi--decidabledecidable

Infinite Infinite LL⊆⊆{{ 00,,11}*}* isis semisemi--decidabledecidable iffiff LL=range(=range(ff))
forfor somesome computablecomputable injectiveinjective ff::NN→→{{ 00,,11}*}*

b) b) diagonalizationdiagonalization

egeg. . UU={ ={ algorithmsalgorithms } } ×× { { inputsinputs }}

UniversesUniverses UU otherother thanthan {{ 00,,11}*}* ((e.ge.g. . NN):): encodeencode..

HaltingHalting Problem Problem HH onlyonly semisemi--decidabledecidableHilbert HotelHilbert Hotel

d) d) reductionreduction (in/(in/outputoutput translationtranslation))
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Some Undecidable Problems

''Definition:Definition:' ' AlgorithmAlgorithm AA decidesdecides setset LL⊆⊆{{ 00,,11}*}* ifif

•• on on inputsinputs xx∈∈LL printsprints 11 and and terminatesterminates,,

•• on on inputsinputs xx∉∉LL printsprints 00 and and terminatesterminates..

TechniquesTechniques:: a) a) simulationsimulation

c) c) dovetailingdovetailing
b) b) diagonalizationdiagonalization

For For L,L'L,L'⊆⊆{{ 00,,11}*}* writewrite LL≼≼L'L' ifif therethere isis a a computablecomputable

ff: : {{ 00,,11}*}* →→{{ 00,,11}*}* such such thatthat ∀∀xx:  :  xx∈∈LL  ⇔ ⇔ ff((xx))∈∈LL'.'.
a) a) L'L' decidabledecidable ⇒⇒ so so LL.  .  b) b) LL≼≼L'L'≼≼L'' L'' ⇒⇒ LL≼≼L''L''

UniversesUniverses UU otherother thanthan {{ 00,,11}*}* ((e.ge.g. . NN):): encodeencode..

d) d) reductionreduction (in/(in/outputoutput translationtranslation))

HaltingHalting problemproblem: : H H = { = { 〈〈AA,,xx〉〉 : : AA terminatesterminates onon xx }}
Hilbert'sHilbert's 10th:10th: TheThe followingfollowing setset isis undecidableundecidable::

{ { 〈〈pp〉〉 | | pp∈∈NN[[XX11,,……XXnn], ], nn∈∈NN, , ∃∃xx11……xxnn∈∈NN pp((xx11,,……xxnn)=0 })=0 }
Word Problem Word Problem forfor finitelyfinitely presentedpresented groupsgroups

MortalityMortality Problem Problem forfor twotwo 2121××21 21 matricesmatrices

HomeomorphyHomeomorphy of 2 finite of 2 finite simplicialsimplicial complexescomplexes
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integerinteger

Exercise Questions
WhichWhich of of thethe followingfollowing areare unun--/semi/semi--//decidabledecidable??

a) a) GivenGiven an integer, an integer, isis itit a prime a prime numbernumber??

b) b) GivenGiven a finite a finite stringstring overover ++,,××,,((,,)),,00,,11,,XX11,,……XXn n 

isis itit syntacticallysyntactically correctcorrect??

c) c) GivenGiven a a BooleanBoolean formulaformula   ϕϕ((XX11,,……XXnn)),,
doesdoes itit havehave a a satisfyingsatisfying assignmentassignment??

d) d) GivenGiven MM∈∈��nn××nn and and bb∈∈��nn, , 

doesdoes therethere existsexists a            a            vectorvector xx s.t. s.t. MM··xx≤≤bb??

e) e) GivenGiven an an algorithmalgorithm AA, , inputinput xx, and integer , and integer NN,,

doesdoes AA terminateterminate on on inputinput xx withinwithin NN stepssteps ??

f) f) DoesDoes a a givengiven algorithmalgorithm terminateterminate on all on all inputsinputs??

g) g) DoesDoes givengiven algorithmalgorithm terminateterminate on on somesome inputinput??

realreal
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Computable Real Numbers

Theorem:Theorem: For For rr∈∈��, , 
tthehefollowingfollowing areareequivalentequivalent::
a) a) rr has a has a computablecomputablebinarybinaryexpansionexpansion
b) b) ThereThereisis an an algorithmalgorithmprintingprinting, on , on inputinput

nn∈∈��, , somesomeaa∈∈�� withwith ||rr--aa/2/2nn+1+1||≤≤22--nn. . 
c) c) ThereThereisis an an algorithmalgorithmprintingprinting twotwo
sequencessequences((qqnn))⊆⊆�� and (and (εεnn) ) withwith ||rr--qqnn||≤≤εεnn→→00

H := { 〈B,x〉 : algorithmB terminates on inputx }  ⊆ �

There is an algorithm
which, givenn∈�, prints

bn∈{0,1} wherer=∑n bn 2-n

b) ⇔ c) holdsuniformly,
⇔ a) does not [Turing'37]

numerators+
denominators
Ernst Ernst SpeckerSpecker(1949):  (c)  (1949):  (c)  ⇔⇔ HaltingHalting problemproblemplus (d)plus (d)
d) d) ThereThereisis an an algorithmalgorithmprintingprinting ((qqnn))⊆⊆�� withwith qqnn→→rr ..

interval
arithmetic

⇔ r∈
[qn±εn]

CallCall rr∈∈�� computablecomputableifif
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Exercises: Computable Reals

rr∈∈�� computablecomputable iffiff an an algorithmalgorithm cancan printprint, , 

on on inputinput nn∈∈��, , somesome aa∈∈�� withwith ||rr--aa/2/2nn+1+1||≤≤22--nnyetyet naivelynaively computablecomputable..

a) a) EveryEvery rational has a rational has a computablecomputable binarybinary expansionexpansion

b) b) EveryEvery dyadicdyadic rational has rational has twotwo binarybinary expansionsexpansions

c) c) ComputableComputable binarybinary expansionexpansion  ⇔ ⇔ computablecomputable realreal

d) d) IfIf aa,,bb areare computablecomputable, , thenthen also also a+ba+b, , aa··bb, , 1/1/aa ((aa≠≠0)0)
e) Fix e) Fix pp∈∈��[[XX]]. . ThenThen pp's's coefficientscoefficients areare computablecomputable

  ⇔⇔ pp((xx)) isis computablecomputable forfor all all computablecomputable xx..

f) f) TheThe degreedegree of of everyevery pp∈∈��[[XX] ] isis computablecomputable..

g) g) EveryEvery algebraicalgebraic numbernumber isis computablecomputable; and so ; and so isis  ππ..
h) h) IfIf xx isis computablecomputable, , thenthen so so areare exp(exp(xx)), , sin(sin(xx)), , log(log(xx))
j) For j) For everyevery computablecomputable xx, , sign(sign(xx)) isis computablecomputable..

k) k) Specker'sSpecker's sequencesequence ((∑∑k>nk>n∈∈HH22--nn))kk isis computablecomputable,,

itsits limitlimit isis uncomputableuncomputable
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Uniformity, Sequences and Equality Testing

In In numericsnumerics, , don'tdon't test test forfor ((inin--)equality)equality!!
Fact:Fact: There exists a computable sequence (There exists a computable sequence (rrmm))⊆⊆[0,1][0,1]
such that  { such that  { mm : : rrmm≠≠0 }  is the Halting problem 0 }  is the Halting problem HH..

H := { 〈B,x〉 : algorithmB terminates on inputx }  ⊆ �

Reminder:Reminder: For For rr∈∈��, , tthehefollowingfollowing areareequivalentequivalent::
a) a) ∃∃algorithmalgorithmdecidingdecidingrr 's's bin. bin. expansionexpansion
b) b) ∃∃algorithmalgorithmprintingprinting on on inputinput nn

somesomeaa∈∈�� withwith ||rr--aa/2/2nn+1+1||≤≤22--nn. . 
c) c) ∃∃algorithmalgorithmprintingprinting ((qqnn),(),(εεnn) ) ⊆⊆�� withwith ||rr--qqnn||≤≤εεnn→→00
Call (rm)⊆� computableiff an algorithm can print, 
on input〈n,m〉∈�,  somea∈� with |rm-a/2n+1|≤2-n. 

a)a)⇒⇒b)b)⇔⇔cc) ) computablecomputable
transformationtransformation
on on algorithmsalgorithms

b)b)⇒⇒aa) ') 'undecidableundecidable' ' 
casecase splitsplit on on rr∈∈��
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xx∈∈�� computablecomputable⇔⇔ ||xx--aann/2/2
nn+1+1||≤≤22--nn forfor recursiverecursive((aann))⊆⊆��

f

Uniformly Computable Real Functions

A A computablecomputable
functionfunction mustmust
bebe continuouscontinuous

x
x'



Martin Ziegler
Computable Weierstrass Theorem

Theorem:Theorem: For  For  ff:[0,1]:[0,1]→→�� thethe followingfollowing areareequivalentequivalent::
a)a) ThereThereisis an an algorithmalgorithmconvertingconvertinganyanyseqseq. . qqnn∈∈��nn+1+1

withwith ||xx--qqnn|| ≤ ≤ 22--n    n    intointo ppmm∈∈��mm+1+1 withwith ||ff((xx))--ppmm|| ≤ ≤ 22--mm

b) b) ThereThereisis an an algorithmalgorithmprintingprinting a a sequencesequence(of (of degreesdegrees
and and coefficientcoefficientlistslists of)  (of)  (PPnn))⊆⊆��[X[X ] ] withwith ||||ff--PPnn|||| ≤ ≤ 22--nn

c) c) TheThereal real sequencesequenceff((qq), ), qq∈∈��∩∩[0,1], [0,1], isis computablecomputable
&& ff admitsadmitsa a computablecomputablemodulusmodulusof uniform of uniform continuitycontinuity.

CallCall ((rrmm))⊆⊆�� computablecomputableiffiff an an algorithmalgorithmcancanprintprint, , 
on on inputinput n,mn,m∈∈��,  ,  some some qq∈∈��n+n+11 withwith ||rrmm--qq||≤≤22--nn..
�� :=:=  nn ��nn,  ,  ��nn := := {{ aa/2/2nn : : aa∈∈�� }}

||xx--yy||≤≤22--µµ((mm))  ⇒ ⇒ ||ff((xx))--ff((yy)|)|≤≤22--mm Proof:Proof: a) a)  ⇒ ⇒ c) c) ⇒⇒ b)b)
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uncomputableuncomputablein in generalgeneral

Exercises: Computable Real Functions

a) a) ff computablecomputable ⇒⇒ samesame forfor anyany restrictionrestriction

b) b) expexp, , sinsin, , coscos, ln(1+, ln(1+xx)  )  areare computablecomputable functionsfunctions

c) c) For For a a computablecomputable sequencesequence aa=(=(aann),),
thethe powerpower seriesseries xx→→∑∑nn aann··xxnn isis computablecomputable

on  on  ((--r,rr,r ))   forfor r r << RR((aa) := 1/) := 1/limsuplimsupnn ||aann||1/1/nn

d) d) LetLet ff∈∈C[0,1]C[0,1] bebe computablecomputable. . ThenThen so so areare

∫∫ff: : xx→∫→∫00
xx ff((tt) ) dtdt and and max(max(ff):):xx→→max{max{ff((tt):):tt≤≤xx}.}.

e) e) IfIf ((x,mx,m))→→ffmm((xx)) computablecomputable withwith ||ffnn--ffmm||∞∞≤≤22--nn+2+2--mm

then  then  limlimnn ffnn is computable.is computable.

f) For f) For computablecomputable aa∈∈��, , ff:[0,:[0,aa]]→→��, and , and 

gg:[:[aa,1],1]→→�� withwith ff((aa)=)=gg((aa)), , theirtheir joinjoin isis computablecomputableTo To computecomputeff::��→→��: : convertconvertanyanysequencesequenceqqnn∈∈��nn+1  +1  
withwith ||xx--qqnn|| ≤ ≤ 22--n    n    intointo ppmm∈∈��mm+1+1 withwith ||ff((xx))--ppmm|| ≤ ≤ 22--mm
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Computable Urysohn

ProofProof: : LetLet ff((xx):=):= ∑ ∑mm

rrmm rrmm++εεmmrrmm--εεmm

εεmm//22mm

LetLet ((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ bebe computablecomputable sequencessequences

ThenThen therethere isis a a computablecomputable ff:[0;1]:[0;1]→→[0;1][0;1]
s.t.  s.t.  ff--11[0] = [0;1][0] = [0;1]\\mm ((rrmm--εεmm,,rrmm++εεmm))..

max(0,max(0,εεmm--||xx--rrmm|)/|)/22mm

CC∞∞

CC∞∞ ''pulse' pulse' functionfunction

φφ((tt) = ) = exp(exp(--tt²²/1/1--tt²²))
||tt|<1|<1
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Specker'59: Uncomputable roots/argmin

approximatingapproximatingaa rootroot
vsvs. . approximateapproximaterootroot

Lemma:Lemma: ThereThere areare computablecomputable sequencessequences

((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ s.t.  s.t.  UU := := mm ((rrmm--εεmm,,rrmm++εεmm))

containscontains all all computablecomputable realsreals in [0;1]in [0;1]

and has and has measuremeasure   <<½½..

CorollaryCorollary:: ThereThere isis a a computablecomputable CC∞∞

ff:[0;1]:[0;1]→→[0;1][0;1] s.t. s.t. ff--11[0][0] has has measuremeasure >>½½

butbut containscontains nono computablecomputable real real numbernumber..

LetLet ((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ bebe computablecomputable sequencessequences

ThenThen therethere isis a a computablecomputable ff:[0;1]:[0;1]→→[0;1][0;1]
s.t.  s.t.  ff--11[0] = [0;1][0] = [0;1]\\mm ((rrmm--εεmm,,rrmm++εεmm))..

CC∞∞
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Singular Covering of Computable Reals

Lemma:Lemma: ThereThere areare computablecomputable sequencessequences

((rrmm))
mm
,,  ((εεmm))

mm
⊆⊆ QQ s.t. s.t. UU := := mm ((rrmm--εεmm,,rrmm++εεmm))

containscontains all all computablecomputable realsreals in [0;1]in [0;1]

and has and has measure measure <<½½..

ProofProof:: DoveDove--tailingtailing w.r.tw.r.t. (. (MM,,tt))::
IfIf Turing Turing machinemachine ##MM withinwithin tt
((butbut notnot tt--11) ) stepssteps printsprints aa11,,……aaMM+5+5

s.t. s.t. ||aakk/2/2kk+1+1--aaℓℓ/2/2ℓ
ℓ+1+1|| ≤ ≤ 22--kk+2+2--ℓℓ ∀∀11≤≤kk,,ℓℓ≤≤MM+5+5

thenthen letlet rr 〈〈M,tM,t〉〉 := := aaMM+5+5/2/2MM+6+6 and and εε〈〈M,tM,t〉〉 := := 22--MM--55,,

elseelse rr 〈〈M,tM,t〉〉 := := 00 and and εε〈〈M,tM,t〉〉 := 2:= 2--〈〈M,tM,t〉〉--33..

MachineMachine computescomputes rr∈∈RR

iffiff prints seq. prints seq. aann⊆⊆�� withwith ||aann/2/2
nn+1 +1 -- aamm/2/2mm+1 +1 ||≤≤22--n n ++22--mm..
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•• ggkk((xx):=):=gg((((xx··22ψψ((kk))--1)1)··22kk))//22ψψ((kk))

h'h':=:= ∑ ∑kk ggkk

•• ggkk((xx):=):=gg(( xx··22ψψ((kk))--1 1 ))//22ψψ((kk))

nn=1=1nn=2=2

½½

¼¼

FactFact :: ∃∃ computablecomputable bijectionbijection   ψψ::��→→HH
•• gg and and ∫∫gg computablecomputable

⅛⅛

½½¼¼⅛⅛ 1100

Myhill'71: Myhill'71: uncomputableuncomputable ∂∂∂∂∂∂∂∂ on on CC11[0,1][0,1]

yetyet hh:=:=∫∫ h'h'  ∈ ∈CC11[0;1]  [0;1]  computablecomputable. . 

incomputableincomputable,,

hat hat functionfunctiongg

•• ggnn((xx):=):=gg((xx··22nn--11))/2/2nn

•• ∫∫ggkk ≤≤ 22--kk

continuouscontinuous,,∑∑nn∈∈HH ggnn∑∑nn ggnn

e.ge.g. . HH={2,3,5,...}={2,3,5,...}

q.e.dq.e.d..
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The Case of the Wave Equation

PourPour--El&Richards'81 construct a computable El&Richards'81 construct a computable ƒ∈ƒ∈CC11((��33) ) 
such that for such that for gg:=0 the unique solution is :=0 the unique solution is 
inincomputable at computable at tt=1 and =1 and xx=(0,0,0).=(0,0,0).

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),  ∂/∂t u(x,0)=g(x)

ChurchChurch--TuringTuring HypothesisHypothesis ((KleeneKleene):):

EverythingEverythingthatthat cancanbebecomputedcomputedbyby a a 
Turing Turing machinemachinecancanalso also bebecomputedcomputed
byby a a physicalphysicaldevicedevice –– and and viceviceversaversa!!

Myhill'71: Myhill'71: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith uncomputableuncomputable hh'(1) '(1) 
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The Case of the Wave Equation

Myhill'71: Myhill'71: computablecomputable hh∈∈CC11[0,1] [0,1] 
withwith uncomputableuncomputable hh'(1) '(1) 

PourPour--El&Richards'81 construct a computable El&Richards'81 construct a computable ƒ∈ƒ∈CC11((��33) ) 
such that for such that for gg:=0 the unique solution is :=0 the unique solution is inincomputable.computable.

∂²/∂t² u(x,t) = ∆u(x,t),  u(x,0)=ƒ(x),  ∂/∂t u(x,0)=g(x)

Kirchhoff'sKirchhoff's

formulaformula::
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up to up to permutationpermutation [Specker'67][Specker'67]

ExampleExample fund. fund. theoremtheorem of of algebraalgebra::

GivenGiven aa00,,……aadd--11∈∈��, , returnreturn rootsroots xx11,,……xxdd∈∈�� of  of  

aa00+a+a11··X+X+……+a+add--11··XX
dd--11+X+Xdd ∈∈��[[XX]] incl. multiplicitiesincl. multiplicities

Two Effects in Real Computability

a) a) MultivaluedMultivalued ''functionsfunctions''

b) b) DiscreteDiscrete ''adviceadvice''

ExampleExample floorfloor functionfunction: : givengiven xx∈∈��, , returnreturn itsits
least integer least integer upperupper boundbound

GivenGiven xx, , returnreturn somesome integer integer 
upperupper boundbound:  :  computablecomputable!!

ExampleExample matrixmatrix diagonalizationdiagonalization: : givengiven AA∈∈��dd··((dd--1)/21)/2,,

returnreturn a a basisbasis of of eigenvectorseigenvectors

ThmThm:: ComputableComputable knowingknowing ||σσ((AA)|)|..ε·
(
cos(1/ε) sin(1/ε)

sin(1/ε) − cos(1/ε)

)―― discontinuousdiscontinuous::

―― discontinuousdiscontinuous..


