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Given(A X), doesalgorithmA terminateon input x?
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'Definition:' Algorithm A decides set LO{0,1}* |if
e on inputs XL prints 1 and terminates, fll finite

e on inputs XOL prints 0 and terminates. Seg'&‘;ﬁg

A semi-decides if terminates on X[lL, else diverge.

Hilbert Hotel] Halting ProblemH only semidecidable

(countable!] [ eg. U={ algorithms } x { inputs }
Universes U otherthan {0,1}* (e.g. N): encode.

Techniques: a) simulation b) diagonalization
c) dovetailing d) reduction (in/output translation)

Theorem: L decidable iff both L, L¢ semi-decidable

Infinite LO{ 0,1}* is semi-decidable iff L=rangef)
for some computable injective f:IN-{0,1}*
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Some Undecidable Problems
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'‘Definition:' Algorithm A decides set LIJ{0,1}* if
e on inputs XL prints 1 and terminates,

e on inputs XLIL prints 0 and terminates.

Halting problem: H = { (AX) : Aterminates on X }
Hilbert's 10th: The following set is undecidable:
{ (P | PUN[X,,...X ], NUN, [X,...x.0JIN p(X;,...%x,)=0 }
WordrProbler fortfinitel§ ,préseéntedgroapsode.
MetbaliGy €30 bieanfotation 2 1xP diagatridézation
Hof&ehio PEh) o Yiitiad dimpliciaHEdRapIRREON)
For L,L'[{0,1}* write L<L' if there is a computable
f:{0,1}* -{0,1}* such that [Ix: x[IL < f(x)LIL".
a) L' decidable = so L. b) L<L'KL" = L<L"
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Exercise Questions OARS
Martin Ziegler

Which of the following are un-/semi-/decidable?
a) Given an integer, is it a prime number?
b) Given a finite string over +,x,(,) ,0,1,X,,... X,
IS it syntactically correct?
c) Given a Boolean formula ¢(X,,...X)),
does it have a satisfying assignment?
d) Given Mz™ and blz",
does there exists a integlker vector X s.t. M-x<b?

e) Given an algorithm A, input x, and integer N,
does A terminate on input x within N steps ?
f) Does a given algorithm terminate on all inputs?

g) Does given algorithm terminate on some input?
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heorem: Forr There is an algorithm
2‘:’13?(()% gogp é@é&lggm Ehlch ivennN, prints

a) r has acomputablébinary expansion

t) Thereis analgorithmprinting, onin

—nlN, someallZ with |r-a/2™<2(  rO

¢) Thereis analgorithmprinting two (%€l
sequence@,)JQ and €,) with |r-g [<e,—0

numerators [b) = ¢) holdsuniformly, | ("interval |}
denominators| = a) does not [Turing'37]larithmetighk

b.[0,1} Wherer Z b, 2"
=~

ErnstSpecker(1949): (c) <« Halting problemplus (d)
d) Thereis analgorithmprinting (q.,)UJQ with g, —r.

H :={ (B,X : algorithmB terminates on input }

N
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Exercises: Computable Reals AR
Martin Ziegler

a) Every rational has a computable binary expansion
b) Every dyadic rational has two binary expansions
c) Computable binary expansion = computable real
d) If a,b are computable, then also a+b, a-b, 1/a (a#0)
e) Fix pLR[X]. Then p's coefficients are computable

= p(X) is computable for all computable X.
f) The degree of every pPLR[X] is computable.
g) Every algebraic number is computable; and so is Tt

h) If X is computable, then so are exp), sin(x), log(x)
j) For every computable X, sign() is computable.

k) SpeaERs cs@RNED (R iff @ digereeirm @ !print,
its i iR pIERTNG [§61Re ASZ AR rca/2Pa[ .




L TECHNISCHE

SIS~/ "
Elic UNIVERSITAT
&

Uniformity, Sequences and Equality Testing®

%0/ DARMSTADT
Martin Ziegler

Reminder: ForrOR, thefollowing areequivalent
a) Calgorithmdecidingr's bin. exElEeii Rl il
_ o _ transformation
b) Calgorithmprinting on inputn ~on algorithms
someallZ with [r-a/2m1<2n. (SR

c) [algorithmprinting (q,).(€,) UQ with |r-g,|<g,—0
Call (r,)UR computablaff an algorithm can print,
on input(n,mCN, someallZ with |r_-a/2M1<2™",

In numerics don'ttestfor (in-)equality
Fact: There exists a computable sequencg{]0,1]

such that {m:r.#0 } Is the Halting problenki.
H :={ (B,X : algorithmB terminates on input } N\
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A computable
function must
be continuous

| L I | -

X[JR computable= [x-a/2"1<2™" for recursive(a,)[1Z
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Theorem: For f:[0,1]—-R thefollowing areequivalent

a) Thereis analgorithmconvertinganyseq q,[ 1D,
with [x-g,|<2" into p, D, with [f(X)-p|<2™

b) Thereis analgorithmprinting a sequenc¢of degree
andcoefficientlists of) (P, )UD[X] with |[f-P||< 2"

c) Therealsequencd(q), qLIDn[0,1], iIs computable

& f admitsa computablanodulusof uniform continuity

| xy2Hm = [f(x)-f(y)[<2™ | Proof: a) = ¢) = b)

Call (r)UR computableiff analgorithmcanprint,
oninput n,nlN, someqlD,,, with |r_-g|<2™.
D:=).,D, D,:={a?2":alz}
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a) f computable = same for any restriction
b) exp, sin, cos In(1+X) are computable functions
c) For a computable sequence a=(a,),
the power series x—2.,a,X" is computable
on (-r,r) for r <R(@) := LAimsup, [a '™
d) Let fOOC[0,1] be computable. Then so are
Jf:x= o f(t) dt  and m\@:x-max{f(t):tsx}.
&) If (x,m) - f. (X) computable with-Jf, -f | <2142
then lim f is computable. uncomputablén general
f) For computable allR, f:[0.a] -R, and

To computef:R - R: convertanysequenceg,[ 1D, ,
with |x-g,|< 2" into p, [D,,, with [f(X)-p, |<2™
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C>'pulse' function EW}Zm
o(t) =exp(t/1-td) /| O\ M
|t|<1 rm-gm | '[‘nL rl’h-i- Em >
>

Let (r) , () U Q be computable sequences
Then there is a computable C*® f:[0;1] - [0;1]

s.t. 0] = [0;1\U , (F €l (1 HE ).

Proof: Let f(X):=2, mMax(0g€-[x-r[)/2™
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Lemma: There are computable sequences

() (En) OQ st U= U (Fr€inlortEn)
contains all computable reals in [0;1]
and has measure <V,

Let () , (€n) U @Q be computable sequences
Then there is a computable C*® f:[0;1] - [0;1]

s.t. 0] = [0;A0\U ., (F (€l €.
Corollary: There is a computable C*® \/

f1]0;1] - [0;1] s.t. f1[0] has measure >
but contains no computable real number.

Specker'59: Uncomputable roots
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Lemma: There are computable sequences

(rw) . € 0Q s.t. U= U (M€l nt€m)

contains all computable reals in [0;1]

and has measure <V2./Machine computes rCJR
iff prints seq. a,007z with |a /2"*!-a /2™1|<2"+2™M,

Proof: Dove-tailing w.r.t. (M,1):

If Turing machine #M within t

(but not t-1) steps prints ay,...ay,s

s.t. [a/2¢1-a, /2" < 2%+2¢ O1<k,(<M+5

then let r = ay.s/2Y° and gy, = 2M>,

else =0 and gy := 2MV-3,
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Fact [lcomputable bijection U:N-H
*15 « g and g computable

* Gu()-=0(ER ) 21)/2%D

y ﬁ hatfunctiong
A,AA/A\ e.g H={2,3,5,...} L

0 Vi Ve N=2 Y5 n=1 1

h'=2,6d, continuousincomputable
yet h:=[ h' OCY0;1] computable g.e.d
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The Case of the Wave Equation

‘Myhill'71: computable h Cl[O,l] \
. with uncomputable h'(1) )

PourElI&Richards'81 construct a computaliléCi{(R3)

such that fog:=0 the unique solution Is [ s

incomputable ati=1 andx=(0,0,0). Jomathan 1 Richars
Computability

Church-Turing Hypothesis (Kleene): | andphysies

Everythingthat canbecomputedy a
Turing machinecanalsobe computed
by a physicaldevice —andviceversd £

021012 u(x,t) = Au(x,), U(x,0)=F(x), It u(x,0)=g(x)
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The Case of the Wave Equation

‘Myhill'71: computable hOJOCY0,1]
. with uncomputable h'(1) )

PourElI&Richards'81 construct a computaliléCi{(R3)
such that fog:=0 the unique solution iImcomputable.

Kirchhoff's, .~ 0/ 1 . .

formula: W E) = 8t<47rt /|g’—f|:tf(y) da(y))
Fas [ @@ [f(@) = h(7?)
u(t,0) = %(h(tz)-t) = A (t2) - 2t2 + h(t2)

021012 u(x,t) = Au(x,1), U(x,0)=F(x), /t u(x,0)=g(x)
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Two Effects in Real Computability

a) Multivalued 'functions'
Example floor function: given XUR, reLt:urn its -
least integer upper bound — discontinuous.

Given X, return some integer _
upper bound: computable! J

Example fund. theorem of algebra: .. o
Given a,,...a4,UC, return roots X,,...xUC of * * * -
. . d-1 d . . .« ags
a,ta, X+...+a,,-XE+Xd OC[X] incl. mf{frphcm&

b) Discrete 'advice' [ .up to permutation [Specker'67]
Example mathixdiagonalization: given ALR%(¢1)72
return a basis of\%envectors — discontinuous:

\ | cos(1/e)  sin(1/e)
Thm: Computable [knowing |G(A)|J '\ sin(1/e) —cos(1/e)




