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Recall the definition of the degree[E : F] = dimF(E) of a field extensionE overF .
BESICOVITCH has proven that

[

Q
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√

pd
)

: Q
]

= N1 ·N2 · · ·Nd ;

cf. [Bes40, THEOREM 2] and see also [Alb03, bottom of p.2].
For fieldsQ⊆ F⊆ R and 0< r ∈Q, let

F( ∗√r) := F
({

r
1
n : n ∈ N

})

where the corresponding fractional powers are understood as positive real numbers.
The goal of this exercise is to prove thatQ( ∗√2) andQ( ∗√3) are
semi-decidable, undecidable, and incomparable.

EXERCISE 11:

a) If ( r
s)

1/n ∈Q for n ∈ N and coprimer,s ∈ N, thenr1/n,s1/n ∈ N.

b) Forn1, . . . ,nk ∈N and squarefreet ∈N,F
(
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=F
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N
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)

whereN := lcm(n1, . . . ,nk)
denotes theleast common multiple.

c) For distinct prime numbersp1, . . . , pd, pd+1 andn ∈ N, it holds
[

Q
(

∗√p1, ∗√p2, . . . , ∗√pd, ∗√pd+1
)

: Q
(

∗√p1, ∗√p2, . . . , ∗√pd
)]

= ∞ .

d) To anyn ∈ N, ε > 0, andx ∈ R, there existsy ∈ Q( ∗√2) of degree at leastn overQ( ∗√3)
such that|x−y|< ε. Let f ∈ R(X), f = p

q with polynomialsp,q of degree less thann andm,

respectively. Leta1, . . . ,an+m ∈Q( ∗√2)∩dom( f ) be distinct withf (ai) ∈Q( ∗√3).

e) There are co-prime polynomials ˜p, q̃ of deg(p̃)< n, deg(q̃)< m with coefficients in the alge-
braic field extensionQ( ∗√3;a1, . . . ,an+m) such that, for allx ∈ dom( f ) = {x : q(x) 6= 0} ⊆R,
it holds f (x) = f̃ (x) := p̃(x)/q̃(x).

f) Let d := maxi deg
Q( ∗√3)(ai). Then f (x) 6∈ Q( ∗√3) for all transcendentalx ∈ dom( f ) as well

as for allx ∈Q( ∗√2) of deg
Q( ∗√3)(x)> D := dn+m ·max{n−1,m−1}.
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