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Recall the definition of the degréE : F] = dimg (E) of a field extensiotfe overF.
BEsIcovITCH has proven that

[Q(N/P1, %/P2,---, /Pd) i Q] = Ni-N2---Ng ;

cf. [Bes40, HEOREM 2] and see also [AIb03, bottom of p.2].
ForfieldsQ CFCRand O<r € Q, let

F(/r) = F({r%:neN})

where the corresponding fractional powers are underste@ositive real numbers.
The goal of this exercise is to prove tifatv/2) andQ(v/3) are
semi-decidable, undecidable, and incomparable.

EXERCISE 11:
a) If (5)Y"eQ for ne Nand coprime,se N, thenr¥/" st/ e N.

b) Forny,...,nc€ Nand squarefreec N, F( W4, ..., Wt) =F (V) whereN :=lcm(ny, ..., ny)
denotes théeast common multiple.

c) Fordistinct prime numbensy, ..., pPg, Pgr1 andn € N, it holds
[Q(v/P1, /P2 - -5 v/Pds /Pdr1) - Q(/PL,v/P2:---,v/Pd)] = .

d) To anyn € N, € > 0, andx € R, there existy € Q(+/2) of degree at least over Q(v/3)
such thatx—y| < €. Letf e R(X), f = g with polynomialsp, q of degree less thamandm,

respectively. Lety, ..., anm € Q(+v/2) ndom(f) be distinct withf (a) € Q(+/3).

e) There are co-prime polynomigisgof dedq p) < n, deq§) < mwith coefficients in the alge-
braic field extegsio@(\’@;al, ...,8n+m) Such that, for alk € dom(f) = {x: q(x) # 0} C R,
it holds f(x) = f(x) := p(x)/G(x).

f) Letd:= max de%(%)(ai). Thenf(x) ¢ Q(+v/3) for all transcendentat € dom(f) as well
as for allx € Q(+/2) of degy i3, (X) >D:=d™M-max{n—1,m—1}.
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