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EXERCISE 7:
Recall that a functionf : X → Y between topological spaces is calledproper if the preimage
f−1[K]⊆ X is compact for every compactK ⊆ Y .
For a metric space(X ,d), (X ,d′) induces the same topology whered′(x,y) := min{d(x,y),1}. The
product topology on X̂ := ∏n(Xn,dn) is induced byd̂ :

(

(xn)n,(yn)n

)

:= supn d′
n(xn,yn)/2n.

a) Prove that the Cauchy representationρC :⊆ (Q2)ω → R maps compact sets to compact sets,
whereρC : (qn,ε)n 7→ x whenever|x−qn| ≤ εn → 0 asn → ∞.
Here(Q2)ω is considered equipped with the product topology.

b) Repeat for the dyadic representationρ :⊆ Zω → R,
i.e.ρ : (cn)n 7→ x whenever|x− cn/2n+1| ≤ 2−n.

c) Is ρC proper? Prove or disprove!

d) Is ρ proper? Prove or disprove!

e) Prove: ∀x ∈ R ∃c̄ = (cn)n ∈ Zω ∀m ∈ N ∀|x− x′| ≤ 2−m−1 ∃c̄′ ∈ Zω :

ρ(c̄) = x ∧ ρ(c̄′) = x′ ∧ c1 = c′1 ∧ . . .∧ cm = c′m.


