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EXERCISE 5:

a) Prove that, for each 1≤ j ≤ N, the following set ExtN,d, j is open and evenρN×d–r.e:

{

(~x1, . . . ,~xN) :~x1, . . . ,~xN ∈ R
d,~x j extreme point of chull(~x1, . . . ,~xN)

}

Hint: For a polytopeP,~x∈ P is extreme iff it isexposedin the sense that there exists an affine
hyperplaneH with {~x}= P∩H.

b) Prove that closed function image, i.e. the following mapping, is([ρd→ρk]×ψd
<,ψk

<)–computable:

C(Rd→R
k)×A

(d) ∋ ( f ,A) 7→ f [A] ∈A
(k)

c) Prove thatf : [0,1]d →R is computable iff

i) it admits a recursive global modulus of continuity∗

ii) and the sequence
(

f (~q)
)

~q∈Dd∩[0,1]d
is computable.

d) Prove that the mappingC(Rd) ∋ f 7→ f−1[0] ∈A
(d) is ([ρd→ρ],ψd

>)–computable.

In factC(Rd→R
k)×A

(k) ∋ ( f ,B) 7→ f−1[B] ∈A
(d) is ([ρd→ρk]×ψk

>,ψd
>)–computable.

∗i.e., a mappingµ : N→ N with |x− y| ≤ 2−µ(n) ⇒ | f (x)− f (y)| ≤ 2−n


