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EXERCISE 1:

f) Show that every(ρn→ρn)–computablef : R→ R is continuous.

g) Formalize real computation by approximation up to relative error
which for every fixed number coincides with (e.g. Cauchy) computability;
show that addition is not computable in this sense.

EXERCISE 2:
Call~u ∈ {0,1}∗ an initial segment of~v ∈ {0,1}∗ (and write “~u ⊑~v”) if there exists~w ∈ {0,1}∗ with
~v =~u◦~w. Similarly write “~u ⊑ v̄” if v̄ =~u◦ w̄ for v̄ ∈ {0,1}ω and some ¯w ∈ {0,1}ω. Forσ̄ ∈ {0,1}ω

abbreviatēσ|≤n := (σ1, . . . ,σn) ∈ {0,1}n. We say thatf : {0,1}∗→{0,1}∗ is monotone if it holds

∀~u,~v : ~u ⊑~v ⇒ f (~u)⊑ f (~v) .

a) Supposef is alsounbounded on σ̄ ∈ {0,1}ω in that limn | f (σ̄|≤n)| = ∞. Show that there
exists precisely onēτ ∈ {0,1}ω (denoted byτ = supn f (σ̄|≤n)) with ∀n : f (σ̄≤n)⊑ τ̄.

b) Supposef is monotone. Prove that the following functionfω :⊆ {0,1}ω → {0,1}ω is conti-
nuous:

dom( fω) = {σ̄ | f unbounded on̄σ}, fω : σ̄ 7→ supn f (σ̄|≤n)

c) SupposeF :⊆ {0,1}ω →{0,1}ω is continuous.
Construct some monotonef with fω

∣
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dom(F)
= F.

d) Every(ρ→ρ<)–computablef : [0,1]→ R is lower semi-continuous.


